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Pursuit and an evolutionary game
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Pursuit is a familiar mechanical activity that humans and animals engage in—athletes
chasing balls, predators seeking prey and insects manoeuvring in aerial territorial
battles. In this paper, we discuss and compare strategies for pursuit, the occurrence in
nature of a strategy known as motion camouflage, and some evolutionary arguments to
support claims of prevalence of this strategy, as opposed to alternatives. We discuss
feedback laws for a pursuer to realize motion camouflage, as well as two alternative
strategies. We then set up a discrete-time evolutionary game to model competition
among these strategies. This leads to a dynamics in the probability simplex in three
dimensions, which captures the mean-field aspects of the evolutionary game. The
analysis of this dynamics as an ascent equation solving a linear programming problem is
consistent with observed behaviour in Monte Carlo experiments, and lends support to an
evolutionary basis for prevalence of motion camouflage.

Keywords: pursuit; natural frames; motion camouflage; evolutionary game;
replicator dynamics; geometry of simplex
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1. Introduction

Pursuit phenomena in nature have a vital role in survival of species. In addition
to prey-capture and mating behaviour, pursuit phenomena appear to underlie
territorial battles in many species. In this paper, we discuss geometric patterns
associated with pursuit, and suggest sensorimotor feedback laws that realize such
patterns. We model pursuit problems as interactions between a pair of constant-
speed particles (pursuit–evasion system). The geometric patterns of interest
determine pursuit manifolds: states of the interacting particle system that satisfy
particular relative position and velocity criteria. We then discuss (in §2) three
different types of pursuit: classical pursuit, motion camouflage pursuit
(also referred to as constant absolute target direction, CATD, pursuit in studies
of prey-capture behaviour of echolocating bats (Ghose et al. 2006)) and constant
bearing pursuit, each associated with a specific pursuit manifold. Each manifold
is determined by a cost function that measures the distance of a given state from
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the manifold. Using derivatives of these cost functions along trajectories of the
system, we present (in §3) feedback laws that drive the system towards each
pursuit manifold. To ensure that the particles maintain constant speed, the
feedback laws are gyroscopic: the forces exerted on a particle under feedback
control do not alter the kinetic energy of the particle.

Here, we focus only on pursuit and not evasion: a pursuer senses and responds
to a target (a ‘pursuee’ or ‘evader’) moving at constant speed. Depending on its
sensory capabilities, the evader/pursuee may adopt a deterministic open-loop or
closed-loop steering behaviour or, as we shall see later, even a random steering
behaviour. Our interest is in steering behaviours that the pursuer might adopt to
reach a specific pursuit manifold, with minimal assumptions about the behaviour
of the target. Empirical studies of pursuit behaviour in hoverflies (Srinivasan &
Davey 1995), dragonflies (Mizutani et al. 2003) and echolocating bats engaged in
prey capture (Ghose et al. 2006) suggest prevalence of motion camouflage or
CATD pursuit. We postulate an evolutionary basis for this. In connection with
this hypothesis, we investigate numerically the relative success of the different
types of pursuit in §4. We formulate an evolutionary game with three pure
strategies corresponding to the three types of pursuit, with an open-loop evader
(i.e. the evader steering behaviour is not based on knowledge of the behaviour of
the pursuer). Monte Carlo studies of this game are analysed in §5 using a
deterministic mean-field equation. The analysis of the convergence properties of
this ordinary differential equation, which exploits a natural Riemannian
geometry on the probability simplex in three dimensions, lends support to our
hypothesis, i.e. motion camouflage or CATD optimizes fitness in a precise sense.
2. Modelling interactions

We model planar pursuit interactions using gyroscopically interacting particles,
as in Justh & Krishnaprasad (2006). The (unit-speed) motion of the pursuer is
described by

_rp Zx p; _xp Z ypup; _yp ZKx pup; ð2:1Þ
and the motion of the evader (with speed n) by

_re Z nxe; _xe Z nyeu e; _ye ZKnxeu e; ð2:2Þ
where the steering control of the evader, ue, is prescribed, and the steering
control of the pursuer, up, is given by a feedback law. We also define

r Z rpKre; ð2:3Þ
which we refer to as the ‘baseline’ between the pursuer and evader (figure 1).

Remark 2.1. In three dimensions (Justh & Krishnaprasad 2005), use the
concept of natural frame (Bishop 1975) to formulate interacting particle models.
In that setting, each particle has two steering (natural curvature) controls.

(a ) Pursuit manifolds and cost functions

The state space for the two-particle pursuer–evader system is G !G, where
GZ SE(2) is the special Euclidean group in the plane. We define the cost
functions G : G!G/R and L : G!G/R associated with motion camouflage
pursuit and constant bearing pursuit as
Proc. R. Soc. A (2009)
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Figure 1. Trajectories for the pursuer and evader. The position of the pursuer is rp, xp is the unit
vector tangent to its trajectory and yp is the corresponding unit normal vector. Similarly, re is the
position of the evader, xe is the unit vector tangent to the evader’s trajectory and ye is the
corresponding unit normal vector. The pursuer moves at unit speed, while the evader moves at
speed n.
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GZ
r

j r j $
_r

j _r j

� �
Z

d
dt j r j

dr
dt

�� �� ðmotion camouflageÞ ð2:4Þ

and

LZ
r

j r j $Rx p

� �
ðconstant bearingÞ; ð2:5Þ

where

RZ
cos q Ksin q

sin q cos q

" #
; ð2:6Þ

for q2(Kp/2, p/2). (The cost function (2.4) for motion camouflage was
introduced in Justh & Krishnaprasad (2006)). For RZ I2!2 (i.e. the 2!2
identity matrix) in (2.5), we define

L0 Z
r

j r j $x p

� �
ð2:7Þ

to be the cost function associated with classical pursuit.
Observe that all three cost functions G, L and L0 are only well defined for

jr jO0, and that they take values on the interval [K1,1].
Using the cost functions (2.4), (2.5) and (2.7), we can define pursuit manifolds.

We are careful to distinguish pursuit manifolds from the interaction laws, which
drive the system towards these pursuit manifolds. Throughout this section, we
restrict attention to finite intervals of time, and assume that the pursuer and
evader do not collide during these intervals (so that we may assume jr jO0).
Proc. R. Soc. A (2009)
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Figure 2. Geometric representations of three pursuit manifolds via state constraints: (a) classical
pursuit, (b) constant bearing pursuit and (c) motion camouflage pursuit.
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We define the motion camouflage pursuit manifold by the condition GZK1.
To interpret this condition, let w be the transverse component of relative
velocity, i.e.

w Z _rK
r

j r j $ _r
� �

r

j r j ; ð2:8Þ

where we note that _r is the relative velocity and ððr= j r j Þ$ _rÞðr= j r j Þ is the
component of _r along the baseline. The pursuer–evader system is said to be in a
‘state of motion camouflage (with respect to a point at infinity)’ iff wZ0 (see
Justh & Krishnaprasad 2006). The motion camouflage pursuit manifold is thus
defined by the conditions wZ0 and ðd=dtÞ j r j!0 (i.e. the transverse component
of relative velocity vanishes, and the baseline shortens with time; figure 2).

The constant bearing pursuit manifold is defined by the condition LZK1. This
condition is satisfied when the heading of the pursuer makes an angle q with the
baseline vector. Similarly, the classical pursuit manifold is defined by the
condition L0ZK1. This condition is satisfied when the heading of the pursuer is
aligned with the baseline (and the baseline shortens with time; figure 2).

Classical pursuit and constant bearing pursuit are discussed in a rich historical
context in Shneydor (1998) and Nahin (2007), where the authors make contact
with models of missile guidance and collective behaviour. Shneydor also discusses
parallel navigation, which is precisely what we mean by motion camouflage or
CATD pursuit.
3. Steering laws for pursuit

There are two features we expect from the steering laws associated with each
type of pursuit. First, they should leave the associated pursuit manifold
invariant. Second, for arbitrary initial conditions, they should drive system (2.1)
and (2.2) towards the associated pursuit manifold.

(a ) Motion camouflage pursuit law

For the planar setting, it is convenient to define qt to be the vector q rotated
in the plane anticlockwise by p/2 radians. Then, (2.8) implies

wZ _rK
r

j r j $ _r
� �

r

j r j Z
rt

j r j $ _r
� �

rt

j r j ZK
r

j r j $ _r
t

� �
rt

j r j : ð3:1Þ

Justh & Krishnaprasad (2006) showed the pursuer steering law

up ZKm
r

j r j $ _r
t

� �
C

ðx p$xeÞKn

1Knðx p$xeÞ

� �
n2u e; ð3:2Þ
Proc. R. Soc. A (2009)
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where mO0, gives (after some calculation)

_GZK
m

j _r j ð1Knðx p$xeÞÞK
j _r j
j r j

� �
1

j _r j
r

j r j $ _r
t

� �� �2
: ð3:3Þ

If GZK1 (i.e. the system is on the motion camouflage pursuit manifold), then the
transverse component of the relative velocitywZ0, andwe see from (3.3) that _GZ0.
Thus, steering law (3.2) leaves the motion camouflage pursuit manifold invariant.

Now suppose that the system is not on the motion camouflage pursuit manifold.
Because j _r jO0 under the assumption 0!n!1, (3.3) is well posed when jrjO0,
i.e. when the pursuer and evader are not in a collision state. We may then conclude
that for any choice of mO0, there exists r0O0, such that _G%0, cjrjOr0. This
observation forms the basis of a convergence result: if the pursuer uses steering law
(3.2), the systemwill approach themotion camouflage pursuitmanifold, regardless of
initial conditions, provided the distance between the pursuer and evader is
sufficiently large.

Remark 3.1. It is important to distinguish between the pursuer–evader system
approaching a pursuit manifold from the pursuer actually approaching the
evader. Under the hypotheses we make, if the system is on a pursuit manifold,
e.g. if GZK1, then the distance between the pursuer and evader is guaranteed to
be decreasing. However, the approach to the pursuit manifold will not necessarily
entail decreasing distance between the pursuer and evader at each instant of
time. Furthermore, the distance from a pursuit manifold may be arbitrarily small
(e.g. 0!eZGKðK1Þ/1), while the distance between the pursuer and evader
(i.e. j r j!N) is arbitrarily large.

While (3.2) leads to favourable behaviour of G (i.e. conditions can be readily
stated for which G is decreasing with time towards K1), it has the disadvantage
of not being biologically plausible due to the term involving ue. It seems too
strong an assumption to make that the pursuer would be able to accurately
estimate the curvature of the evader trajectory. Therefore, Justh & Krishnaprasad
(2006) dropped the rightmost term in (3.2), leaving

up ZKm
r

j r j $ _r
t

� �
: ð3:4Þ

Control law (3.4) is a ‘high-gain feedback law’ because, by taking mO0 sufficiently
large, it can be proved that the pursuer–evader systemwill still be driven towards the
motion camouflage pursuit manifold. Details of the proof can be found in Justh &
Krishnaprasad (2006). The analysis has also been extended to three-dimensional
motion camouflage pursuit (Reddy et al. 2006), motion camouflage pursuit with
sensorimotor delay (Reddy 2007; Reddy et al. 2007), andmotion camouflage pursuit
in a stochastic setting (Galloway et al. 2007). However, note that (3.4) does not leave
the motion camouflage pursuit manifold invariant.

(b ) Constant bearing pursuit law

A feedback law that drives the pursuer–evader system (2.1) and (2.2) to the
constant bearing pursuit manifold can be derived as follows. Note that

d

dt

r

j r j

� �
Z

_r

j r j Kr
r$ _r

j r j 3
� �

Z
1

j r j _rK
r

j r j $ _r
� �

r

j r j

� �
Z

w

j r j : ð3:5Þ
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Differentiating L with respect to time along trajectories of (2.1) and (2.2) yields

L_Z
r

j r j $R _xp

� �
C Rx p$

w

j r j

� �
Z

r

j r j $Ryp

� �
up C Rx p$

w

j r j

� �
: ð3:6Þ

This suggests the pursuer steering law (to decrease L along trajectories)

up ZKh
r

j r j $Ryp

� �
K

ðw$RxpÞ
ðr$RypÞ

; ð3:7Þ

for hO0. From the identity

_r Z
r

j r j $ _r
� �

r

j r j C
rt

j r j $ _r
� �

rt

j r j ð3:8Þ

and

w Z
rt

j r j $ _r
� �

rt

j r j ; ð3:9Þ

it follows that

w$Rx p Z
rt

j r j $ _r
� �

rt

j r j $Rx p

� �
Z

r

j r j $ _r
t

� �
r

j r j $ðRx pÞt
� �

Z
r

j r j $ _r
t

� �
r

j r j $Ryp

� �
; ð3:10Þ

since planar rotations (i.e. left multiplication by R and the ‘perp’ operation)
commute. Thus, (3.7) may be expressed as

up ZKh
r

j r j $Ryp

� �
K

1

j r j
r

j r j $ _r
t

� �
: ð3:11Þ

Note the similarity in the form of the second term of (3.11) to steering law (3.4)
for motion camouflage.

To measure how close the pursuer–evader system is to a pursuit manifold,
Justh & Krishnaprasad (2006) defined finite-time accessibility as follows.

Definition 3.2. Given the system (2.1) and (2.2) with cost function G
(respectively, L), we say that the motion camouflage (respectively, constant
bearing) pursuit manifold is accessible in finite time if, for any eO0, there exists a
time t1O0, such that Gðt1Þ%K1Ce (respectively, Lðt1Þ%K1Ce).

Proposition 3.3. Consider the systems (2.1) and (2.2), with L defined by (2.5)
with q2(Kp/2, p/2), and control law (3.11), with the following hypotheses:

(A1) 0!n!1 (and n is constant),
(A2) ue is continuous and juej is bounded,
(A3) L(0)!1, and
(A4) jr(0)jO0.
Proc. R. Soc. A (2009)
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Then, the constant bearing pursuit manifold is accessible in finite time using high-
gain feedback (i.e. by choosing hO0 sufficiently large).

Proof. (Similar to the proof of proposition 3.3 in Justh & Krishnaprasad
(2006), but somewhat simpler.) From (3.6) and (3.11), we have

L_ZKh
r

j r j $Ryp

� �2

ZKhð1KL2Þ; ð3:12Þ

where we have used

1Z
r

j r j

����
����2 Z r

j r j $Rx p

� �2

C
r

j r j $ðRx pÞt
� �2

ZL2 C
r

j r j $Ryp

� �2

: ð3:13Þ

From (3.12), we can write

dL

1KL2
ZKh dt; ð3:14Þ

which, on integrating both sides, leads toðL
Lð0Þ

d ~L

1K~L
2
ZKh

ðt
0
d~t ZKht: ð3:15Þ

Noting thatðL
Lð0Þ

d ~L

1K ~L
2
Z

ðL
Lð0Þ

dðtanhK1LÞZ tanhK1LKtanhK1Lð0Þ; ð3:16Þ

we see that

LðtÞZ tanhðtanhK1Lð0ÞKhtÞ; ð3:17Þ

where we note that tanh($) and tanhK1($) are monotone increasing functions.
Now we estimate how long jr jO0, which, in turn, determines how large t can

become in (3.17). We have

d

dt
j r jRKð1CnÞ; ð3:18Þ

from which we conclude that

j rðtÞ jR j rð0Þ jKð1CnÞt; ctR0: ð3:19Þ

Then, defining

T Z
j rð0Þ j
1Cn

O0 ð3:20Þ

to be the minimum interval of time over which we can guarantee the dynamics
(specifically, the feedback control up) is well defined, we conclude that

LðTÞZ tanh ðtanhK1Lð0ÞKhTÞZ tanh tanhK1Lð0ÞKh
j rð0Þ j
1Cn

� �� �
: ð3:21Þ
Proc. R. Soc. A (2009)
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Next, we note that

tanhðxÞ%K1Ce5x%
1

2
ln

e

2Ke

� �
; ð3:22Þ

for 0!e/1. Thus,

hR
1Cn

j rð0Þ j

� �
tanhK1Lð0ÞK 1

2
ln

e

2Ke

� �� �
O0 ð3:23Þ

implies that

tanhK1Lð0ÞKh
j rð0Þ j
1Cn

� �
%

1

2
ln

e

2Ke

� �
; ð3:24Þ

so that

LðTÞZ tanh tanhK1Lð0ÞKh
j rð0Þ j
1Cn

� �� �
%K1Ce: ð3:25Þ

We thus see that the constant bearing pursuit manifold is accessible in finite
time T if we choose h sufficiently large so as to satisfy (3.23). &

Remark 3.4. If LZK1 (i.e. the system is on the constant bearing pursuit
manifold), then it is clear from (3.12) that L_Z 0. Thus, the constant bearing
pursuit manifold is invariant under steering law (3.11).

Remark 3.5. In the proof of the above proposition, we see that none of the
calculations require q in (2.6) to be restricted to the interval (Kp/2, p/2).
However, if p/2%q%p or Kp%q%Kp/2, then LZK1 corresponds to a
lengthening baseline (hence not pursuit).

Remark 3.6. The above proposition also applies to classical pursuit. We
simply take RZ I2!2. Furthermore, the classical pursuit manifold is invariant
under steering law (3.11), with RZ I2!2.

In this section, we have presented feedback laws for the pursuer to reach each
of the three pursuit manifolds. Depending on its sensory capabilities, the pursuer
may adopt a deterministic closed-loop steering behaviour, to reach a specific
pursuit manifold. Thus, the choice of pursuit manifold constitutes a (pure)
strategy. Particular strategies may be discernible in nature as fulfilling certain
ecological imperatives. Empirical studies of pursuit behaviour in dragonflies
(Mizutani et al. 2003) and echolocating bats engaged in prey capture (Ghose et al.
2006), suggest prevalence of the motion camouflage (CATD) pursuit strategy.
Our aim in §4 is to examine an (artificial) evolutionary basis for this prevalence.
4. An evolutionary game

Having introduced pursuit manifolds and steering laws for three types of pursuit,
we now consider how to compare their relative performance. For a class of evader
trajectories that are only defined statistically, and a system model that is
intrinsically nonlinear, we expect to have to use a Monte Carlo approach. One
way of organizing the calculations is an evolutionary game formulation, an
Proc. R. Soc. A (2009)
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approach dating back to Maynard Smith & Price (1973) and anticipated in
the PhD thesis of Nash (1950). (See also Maynard Smith 1982; Weibull 1995;
Hofbauer & Sigmund 1998, 2003.) In an evolutionary game with a finite number
of pure strategies, each member of a (large) population of players is programmed
to play one of the strategies. A member playing pure strategy i is pitted against a
randomly selected player from the population; equivalently, the i player is facing
a mixed strategy with probability vector equal to the vector of population shares
for each of the pure strategies. If the pay-off to the i player is higher (lower) than
the population average pay-off, then the population share of i players is
proportionately increased (decreased). This is the essence of replicator dynamics,
as in Maynard Smith & Price (1973) and Taylor & Jonker (1978). For the
purposes of this paper, our set-up is somewhat simpler: our population consists of
players (bats, dragonflies, etc.) programmed to play one of three different pursuit
strategies, and rather than competing head-to-head, the trials involve members
of each population competing against nature. In the literature, this is referred to
as frequency-independent fitness (Akin 1979; Hofbauer & Sigmund 2003). The
mathematical development for these games against nature may suggest
particular approaches to analyse more complicated scenarios involving head-
to-head competition (which we will explore in future work). In the next
subsection, we give a short mathematical summary of the type of evolutionary
game we play.

We note that there is a rich body of work, dating back to the papers of Isaacs
in the 1950s (Isaacs 1965), in which pursuit–evasion games are studied as
differential games. This is an approach focused on what we refer to here as
individual trials, as opposed to the population view taken in this paper. The
population view is essential when one seeks answers to questions of an
evolutionary nature.
(a ) Evolutionary dynamics

Consider a finite set of pure strategies, indexed by i, and let pi denote the
proportion of a population that adopts strategy i at a particular discrete time
step (generation). Then, Xn

iZ1

pi Z 1; ð4:1Þ

where n is the number of pure strategies. Associated with each strategy i is a pay-
off wi , which, in turn, gives rise to an average fitness

�w Z
Xn
jZ1

wjpj : ð4:2Þ

In general, each wi , iZ1, 2,., n, will be a function of the population vector
pZ(p1, p2,., pn). The average fitness �w thus depends on both the individual
pay-offs and on the proportion of the population adopting each strategy. Given a
rule for determining the pay-offs, we seek the population vector that maximizes
the average fitness.

In the discrete time setting, as stated at the beginning of this section, the
standard evolutionary game formulation involves updating the proportion of the
population using strategy i according to
Proc. R. Soc. A (2009)
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piðkC1ÞZ piðkÞ
wi

�w

� �
; ð4:3Þ

where k is the discrete time index. We note that, by (4.2),Xn
iZ1

pi
wi

�w

� �
Z

�w

�w
Z 1; ð4:4Þ

so that p(kC1) satisfies (4.1).
To pass from the discrete to continuous time setting, we use

1

h
½piðkC1ÞKpiðkÞ�Z

1

h
piðkÞ

wi

�w

� �
KpiðkÞ

h i
Z piðkÞ

wiK �w

h �w
; i Z 1;.;n; ð4:5Þ

where hO0 corresponds to the time-step duration. This leads us to write

_pi Z pi
wiK �w

h �w
; i Z 1;.;n; ð4:6Þ

but by applying a further (inhomogeneous) time-scale change, we can replace
(4.6) with

_pi Z piðwiK �wÞ: ð4:7Þ
This is the form of the replicator dynamics arrived at in Taylor & Jonker

(1978). If each wi is linear in p, we are in the setting of matrix games. See
Maynard Smith (1982) for numerous examples of matrix games.

For a general evolutionary game, wiZwi(p), iZ1,., n, would be computed
using Monte Carlo methods. The problem we consider is more restrictive: the
members of the population are not directly competing with each other, but
instead are competing independently against nature, with N strategic match-ups
in each generation of the population to compute the pay-offs from sample averages.
Therefore, for us, wi is independent of p, iZ1,., n, but random depending on
the state of nature. Thus, we have expected average pay-off differentials

E½piðwiK �wÞ�ZE piwiKpi
Xn
jZ1

pjwj

" #
Z piE½wi�Kpi

Xn
jZ1

pjE½wj �; i Z 1;.; n;

ð4:8Þ
where E [$] denotes expectation. We assume the ‘law of large numbers’,

E½wi�/ci as N/N; i Z 1;.; n; ð4:9Þ
whereN is the number of samples, and ciO0 by convention. This leads to the mean-
field equations

_pi Z piðciK �cÞ; i Z 1;.; n; ð4:10Þ
where

�c Z
Xn
iZ1

pici: ð4:11Þ

We expect the behaviour of the mean-field equations (4.10) to be connected to
the asymptotic behaviour of the differential equations with random coefficients
(4.7).Beforewediscuss themean-field equations further,we givedetails of ourMonte
Carlo experiments.
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(b ) Simulations

Simulations that illustrate the evolutionary game dynamics were performed.
For the purposes of the simulations, we took nZ3 and let the pi correspond to
three pursuer population subgroups: classical, CATD and constant bearing
pursuits. The constraint

P3
nZ1 piZ1 was imposed for all time. Denoting the

number of trials in generation j for strategy i by mij, the pay-offs are defined as

wij Z
1

mij

Xmij

kZ1

1

tkij
; ð4:12Þ

where tkij is the time to capture for the kth trial in generation j using strategy i.
Because our evolutionary game setting involves competition against nature
rather than directly between pursuers, we take mijZmZconst. Note that
the pay-off wi in the previous subsection is simply wij with the generation index
j suppressed. An alternative definition of the pay-off would be

wij Z
1

m

Xm
kZ1

tkij

 !K1

: ð4:13Þ

For each generation, individual pay-offs were computed using (4.12) or (4.13),
and the average fitness using (4.2). The population proportions for the
succeeding generation were then computed using (4.3). By this method, a single
trajectory in the simplex could be generated. Repeating the entire procedure
many times from random initial values (p1(0), p2(0) and p3(0)) yields a phase
portrait for the evolutionary game on the simplex. (For each initial condition in
the simplex, a total of 50 generations were run.)

Within each generation, various types of evader paths were used: linear;
circular; periodic; and (approx.) piecewise linear. Linear paths were generated by
setting ueh0 in (2.2). Circular paths were generated by setting uehconst.
in (2.2). (The particular value ueZ0.5 was used.) Periodic paths were generated
by setting ueZa cos(ut) in (2.2), where a;u2RC were const. (The particular
values aZ1 and uZ1 were used.) Approximately piecewise linear paths were
generated by first specifying two positive parameters a (the time between turns)
and k (the maximum absolute steering control) and then selecting random values
for ue uniformly distributed between Kk and k. (The particular values used for a
were 0.05, 0.1, 0.15, 0.2 and 0.25, and the particular values used for k were 1, 2
and 3, giving a total of 15 combinations.) The initial position of the evader was
always set to reZ0, and the initial heading of the evader was always set to
xeZ(1, 0). However, the initial position rp of the pursuer was randomly chosen
from a uniform distribution on a square centred at the origin (with side length 20;
figure 3), and the initial heading xp of the pursuer was randomly chosen from a
uniform distribution on the circle. The pursuer always moved at unit speed, and
the speed of the evader was taken to be nZ0.6.

The numerical integrations needed for the pursuer–evader encounters in each
trial were performed using a forward Euler method (with a fixed step size of 0.05
time units). The feedback gains m in (3.4) for the CATD law and h in (3.11)
for the classical pursuit and constant bearing laws were set to 10. A trial
would terminate when the separation between pursuer and evader fell below
Proc. R. Soc. A (2009)
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Figure 3. The initial position of the evader is always (0, 0). For each trial, the initial position of
the pursuer is randomly chosen from a uniform distribution on the square [0, 1]![0, 1].
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a pre-specified capture distance (set to 0.05 distance units), at which point the
capture time could be computed. For the constant bearing law, a fixed constant
bearing angle qZ0.3 rad was used, i.e. we took

RZ
cos q Ksin q

sin q cos q

" #
; qZ 0:3; ð4:14Þ

in (3.11).
Examples of specific trials are shown in figure 4. Phase portraits in the simplex

for six different simulations are shown in figure 5. For simulations 1, 3 and 5, the
pay-offs are defined by (4.12). For simulations 2, 4 and 6, the pay-offs are defined
by (4.13). In simulations 1 and 2, the following collection of evader trajectories
are used at each generation: 1 linear path; 1 circular path; 1 oscillatory path; and
15 (almost) piecewise linear paths, so that mZ18. In simulations 3 and 4, 75
(almost) piecewise linear paths are used, so that mZ75. Comparing simulations
3 and 4 with simulations 1 and 2, the trajectories are observed to be smoother for
simulations 3 and 4. This is because more trials are used per generation.

In simulations 5 and 6, only circular evader paths were used, and instead of
using a constant evader steering control ueZ0.5, the steering control ue for each
trial was chosen uniformly between 0 and 1. The number of trials per generation
used was mZ50. As simulations 5 and 6 show, constant bearing is not as effective
for this choice of circular evader path.
5. Analysis of the game

Here, we work out the properties of the mean-field equations (4.10) using the
Riemannian geometry of the simplex as an embedded submanifold of the positive
orthant in R

n. The key ingredients for this analysis are a Riemannian metric on
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Figure 4. (a) An example of classical pursuit: the pursuer aligns its direction of motion with
the baselines. (b) An example of CATD pursuit: the pursuer tries to keep the baselines parallel.
(c) An example of constant bearing pursuit: the pursuer tries to keep the angle between its heading
and the baselines constant at 0.3 rad. In all three figures, the evader exhibits random motion and
baselines are shown as dotted lines.
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the interior of the simplex, which can be derived from one on the positive
orthant. The former is well known and attributed to Rao (1945), based on
Fisher’s information matrix (Fisher 1922), while the latter (first referred to as the
Shahshahani metric by Akin (1979)) was ‘invented’ by Shahshahani (1979),
apparently without prior knowledge of the work of Fisher and Rao. The information
theorist Campbell (1985, 1995) was well aware of this set of ideas and showed
the relationship between them and certain optimization questions in data
compression. In this context, he showed the relevance of what we term here the
mean-field equations, but without any connection to (evolutionary) game theory.
(a ) Dynamics preserve the simplex

Our analysis starts with the mean-field equations (4.10). We first observe that
(4.10) preserves the (interior of the) simplex

D0;nK1 Z p2R
n
Xn
iZ1

pi Z 1 and piO0 c i Z 1;.;n

�����
)
;

(
ð5:1Þ
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Figure 5. Simulated phase plots. Pay-offs for simulations (a) 1, (c) 3 and (e) 5 are defined by (4.12),
while pay-offs for simulations (b) 2, (d ) 4 and ( f ) 6 are defined by (4.13). In simulations 1 and 2,
each generation includes one trial with a linear evader path, one with a circular evader path
(turning rate rZ0.5), one with a periodic evader path and 15 trials of random evader paths,
resulting in mZ18 trials total. In simulations 3 and 4, mZ75 trials with random evader paths are
used in each generation. In simulations 5 and 6, mZ50 trials with circular evader paths are used in
each generation (and the turning rate r is randomly selected for each trial from a uniform
distribution on the interval [0, 1]).
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in other words, if pð0Þ2D0;nK1, then pðtÞ2D0;nK1 for all future times tO0.
To see this, note that

Xn
iZ1

_pi Z
Xn
iZ1

piciK�c
Xn
iZ1

pi Z�cK�cZ 0: ð5:2Þ

Next, for each i, we may write (4.10) as

_pi Z piðð1K piÞciÞK pi
X
jsi

pjcj ; ð5:3Þ

from which we may conclude (since piO0 and ciO0, ci ) that

_piRKpi
X
jsi

pjcjRKpi
X
jsi

cj ð5:4Þ

and, therefore,

piðtÞRpið0Þexp Kt
X
jsi

cj

 !
O0; ð5:5Þ

for all tO0.
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(b ) Dynamics on the positive orthant project onto the simplex

Here, we follow Campbell (1985) to derive the mean-field equations as an
orthogonal projection (with respect to the Fisher–Rao–Shahshahani metric) of a
linear vector field (see (5.6) below) in the positive orthant.

To interpret (4.10) geometrically, it is useful to introduce the related system

_pi Z pici; i Z 1;.;n; ð5:6Þ

for ciO0,ci, evolving on the positive orthant R
n
C. Note that D0,nK1 is an

embedded submanifold of Rn
C.

Let p2D0,nK1 denote a point on the (interior of the) simplex. Then, we
say that v2TpR

n
C is orthogonal to (equivalently, is a normal vector to) D0,nK1 if

hv;wip Z 0; cw2TpD
0;nK1; ð5:7Þ

where

w2TpD
0;nK1; iff

Xn
iZ1

wi Z 0; ð5:8Þ

and the Shahshahani inner product h$,$ip on R
n
C is defined by

hv;wip Z
Xn
iZ1

viwi

pi
jp j ; jp j Z

Xn
iZ1

pi: ð5:9Þ

Condition (5.7) for orthogonality can then be written as

Xn
iZ1

viwi

pi
jp j Z 0: ð5:10Þ

Let p2D0,nK1 and consider vZap2TpR
n
C, where a2R. Then, for

w2TpD
0;nK1,

Xn
iZ1

viwi

pi
jp j Z

Xn
iZ1

viwi

pi
Za

Xn
iZ1

wi Z 0: ð5:11Þ

Thus, vZap is a normal vector to D0,nK1 at p. We also have

kvk2p Z
Xn
iZ1

ðapiÞðapiÞ
pi

Za2
Xn
iZ1

pi Za2; ð5:12Þ

so that kvk2pZ1, iff jajZ1.
In (5.6), the right-hand side is a tangent vector to R

n
C at p2D0,nK1 defined by

vZ

c1p1

«

cnpn

2
64

3
752TpR

n
C: ð5:13Þ
Proc. R. Soc. A (2009)

http://rspa.royalsocietypublishing.org/


E. Wei et al.1554

 on 4 May 2009rspa.royalsocietypublishing.orgDownloaded from 
Suppose we project v orthogonally onto TpD
0,nK1. Defining

N Z

p1

«

pn

2
64

3
752TpR

n
C ð5:14Þ

to be the unit normal, we have

½vKhv;NipN �i Z cipiK
Xn
jZ1

cjpj
pj

pj

 !
pi Z pi ciK

Xn
jZ1

cjpj

 !
; i Z 1;.;n;

ð5:15Þ

which is simply the right-hand side of the dynamics (4.10) on the simplex;
furthermore,

vKhv;NipN 2TpD
0;nK1: ð5:16Þ

We can use the observation that (4.10) is a projection (with respect to the
Shahshahani inner product) of (5.6) onto the simplex to explicitly solve (4.10).
The solution of (5.6) is just

piðtÞZ pið0Þetci ; i Z 1;.; n: ð5:17Þ

We can verify that

piðtÞZ
pið0ÞetciPn
jZ1 pjð0Þetcj

; i Z 1;.; n; ð5:18Þ

solves (4.10) by differentiating it with respect to time,

_piðtÞZ
pið0ÞcietciPn
jZ1 pjð0Þetcj

K
pið0ÞetciPn

jZ1 pjð0Þetcj
� 	2 X

n

jZ1

pjð0Þcjetcj

Z piciK pi

Pn
jZ1 pjð0ÞcjetcjPn
jZ1 pjð0Þetcj

Z piciK pi
Xn
kZ1

ck
pkð0ÞetckPn
jZ1 pjð0Þetcj

� �

Z piciK pi
Xn
jZ1

pjcj : ð5:19Þ

Furthermore, it is obvious that the initial conditions for (5.18) lie on the simplex.
(c ) Asymptotic behaviour of trajectories on the simplex

Suppose the expected pay-offs ci , iZ1,., n, satisfy

c1!c2!/!cn: ð5:20Þ
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Then, from (5.18), we have

piðtÞZ
pið0ÞetcieKtcnPn
jZ1 pjð0ÞetcjeKtcn

; i Z 1;.; n; ð5:21Þ

so that

lim
t/N

piðtÞZ
pið0Þlimt/Ne

KtðcnKciÞ

pnð0Þ
Z

0; i Z 1;.; nK1;

1; i Zn;

(
ð5:22Þ

or

lim
t/N

pðtÞZ

0

0

«

1

2
66664

3
77775: ð5:23Þ

Thus, trajectories starting in the interior of the simplex converge to a vertex of
the simplex. We can now return to the game-theoretic interpretation. For an
evolutionary game with an underlying symmetric bi-matrix stage game, it is a
theorem (Nachbar 1990) that if a trajectory of the evolutionary dynamics
initialized in the interior of the simplex converges as t/N to a limit (not
necessarily in the interior) in the simplex, then the limit is a symmetric Nash
equilibrium strategy of the stage game. In the present instance, the matrix of the
bi-matrix game is AZ[aij] with aijZci independent of j, due to the ‘game against
nature’ aspect of our problem.
(d ) Ascent on the simplex

Because there is convergent behaviour of trajectories of the mean-field
equation (4.10) on the simplex, it is natural to look for an underlying optimality
principle. The Fisher–Rao–Shahshahani metric (or information geometry) of the
simplex yields an affirmative answer, by allowing us to show that the mean-field
equations are indeed gradient dynamics. Campbell (1985) appears not to have
any use for this property, but in the setting of population genetics, Shahshahani
(1979) exploits the gradient property of a related mean-field equation to derive
the Fisher fundamental theorem and the Kimura maximal principle of genetics.
The mean-field equation (4.10) also arises in the context of molecular self-
organization (Küppers 1979), where a (Kimura-type) maximal principle is
stated, but without reference to the Fisher–Rao–Shahshahani metric (see also
Sigmund 1986 for this remark).

Proposition 5.1. Let JZ
Pn

jZ1 cjpj . Then

_pi Z pi ciK
Xn
jZ1

cjpj

 !
Z gradJ; ð5:24Þ
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where the gradient is defined with respect to the Fisher–Rao–Shahshahani metric,

G Z ½gij �Zdiagð1=p1; 1=p2;.; 1=pnÞ; ð5:25Þ

on D0,nK1.

Proof. Given a smooth manifold M with local coordinates x1, x2, ., xn and
metric tensor gij, for a vector w2TxM, we have (by definition of the vector field
grad J)

dJðwÞZ
Xn
iZ1

vJ

vxi
wi Z hgrad J;wiZ gradJ$Gw: ð5:26Þ

Since G is symmetric, (5.26) implies that

G gradJZ
vJ

vx
ð5:27Þ

or

gradJZGK1 vJ

vx
: ð5:28Þ

There is a subtlety in the calculation because p1, p2,. , pn are not local
coordinates on the simplex, even though they are suitable local coordinates for
R
n
C. Identifying M with R

n
C, x with p, and G with

G Z

1=p1 0

1

0 1=pn

2
64

3
75 jp j ; ð5:29Þ

(which corresponds to (5.9) and restricts to (5.25) on the simplex), we have

vJ

vpi
Z ci; i Z 1;.;n; ð5:30Þ

and therefore

grad JZGK1 vJ

vp
Z

1

jp j

p1 0

1

0 pn

2
64

3
75

c1

«

cn

2
64

3
75 ð5:31Þ

on R
n
C. We thus obtain a gradient ascent equation on R

n
C

_pZ grad JZ
1

jp j

p1 0

1

0 pn

2
64

3
75

c1

«

cn

2
64

3
75: ð5:32Þ

Next, we define

4 : D0;nK1/R
n
C and p1p; ð5:33Þ
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i.e. 4 simply represents the inclusion map of the simplex into the positive
orthant. Since

J : Rn
C/R; ð5:34Þ

we have the pullback of J by 4 defined as

4�J : D0;nK1/R and p1Jð4ðpÞÞZ ðJ+4ÞðpÞ: ð5:35Þ
To verify that (4.10) corresponds to gradient dynamics on the simplex, we need
to show that

d½Jð4ðpÞÞ�ðwÞZd½ðJ+4ÞðpÞ�ðwÞZ d½ð4�JÞðpÞ�ðwÞZ hgradðJ+4Þ;wip

Z
Xn
iZ1

pi ciK
Xn
jZ1

cjpj

 !
wi

pi
jp j Z

Xn
iZ1

ciK
Xn
jZ1

cjpj

 !
wi; ð5:36Þ

where w2TpD
0;nK1, and we have used the fact that jpjZ1 on the simplex. But

using the identity 4�dZd4�, i.e. pullback and (exterior) differentiation commute
for smooth manifolds, we have

d½Jð4ðpÞÞ�ðwÞZ d½ð4�JÞðpÞ�ðwÞZ ½4�dJðpÞ�ðwÞZ
Xn
iZ1

ciwi

Z
Xn
iZ1

ciwiK
Xn
jZ1

cjpj

 !Xn
iZ1

wi Z
Xn
iZ1

ciK
Xn
jZ1

cjpj

 !
wi; ð5:37Þ

where we have used (5.8). Since the simplex is invariant under (4.10), we may
thus conclude that (4.10) is a gradient ascent equation in D0,nK1. &

Remark 5.2. The matrix G of the Fisher–Rao–Shahshahani metric is simply
the Fisher information matrix, i.e. the Hessian of the relative entropy or
Kullback–Leibler divergence (Cover & Thomas 2006) on the interior of the
simplex. For

P Z ðp1;.; pnÞ2D0;nK1 and QZ ðq1;.; qnÞ2D0;nK1; ð5:38Þ

the Kullback–Leibler divergence is

KLPðQÞZDðPkQÞZ
Xn
iZ1

pi ln
pi
qi
: ð5:39Þ

It is an elementary calculation to see that the Fisher information is then

F ZD 2KLPðQÞ j QZP Z

1=p1 0

1

0 1=pn

2
64

3
75: ð5:40Þ

Remark 5.3. The ascent on the simplex solves a linear programming problem
maximizing J, which is simply the population average fitness function of the
evolutionary game.
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6. Conclusion

Pursuit phenomena have an essential role in nature. In this paper, we have
investigated a model of pursuit with different strategies and derived steering laws
for the pursuer to execute these strategies. We then posed the question of
possible preference between these strategies. Empirical studies of dragonflies
engaged in aerial territorial battles (Mizutani et al. 2003) and echolocating bats
catching free-flying insect prey in a laboratory flight room (Ghose et al. 2006),
have been influential in guiding us in addressing this question. We have
investigated the apparent prevalence (see Ghose et al. (2006) and Reddy (2007)
for statistical analysis of bat data) of a specific strategy of pursuit, motion
camouflage (or CATD) pursuit, through a set of Monte Carlo experiments that
capture an evolutionary game dynamics. The results of the Monte Carlo
experiments suggest maximization of fitness by adopting the motion camouflage
(CATD) pursuit. Inspired by these observations, we have formulated a model of
the experiments as a mean-field dynamics for an evolutionary game with random
pay-offs obeying a strong law of large numbers. Analysis of this model, following
earlier work of Campbell (1985), using the Fisher–Rao–Shahshahani metric of
the simplex leads to results consistent with the Monte Carlo experiments, i.e.
a principle of population average fitness maximization holds.
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