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Predicting the Performance of a Design Team
Using a Markov Chain Model
Jeffrey W. Herrmann

Abstract—When faced with a complex design problem, a design team may separate it into subproblems. We would like to
know when this approach is superior and how subproblems should
be assigned to team members. We created mathematical models of searches that represent bounded rational decision-makers
(“agents”) solving a design problem. These discrete-time Markov
chains were used to calculate the probability distribution of the
value of the solution found and the expected number of steps required. We evaluated the performance of two- and three-agent
teams who used two approaches to solve design problems. In the
“all-at-once” approach, they search the entire set of solutions. In
the “separation” approach, they separate the problem into two
subproblems. Three stopping rules and two different types of collaboration were modeled. Using a separation increases the likelihood of finding a high-value solution when high-value solutions
are less likely. The optimal assignment of team members to subproblems depended upon the distribution of values in the solution
space. These results suggest that more effort should be spent developing better concepts when high-quality concepts are rare. When
concepts have similar performance, more effort should be spent
searching for better designs that implement the selected concept.
Index Terms—New product development, optimization, organizational decision processes, organizational design, Queuing/Markov analysis.

I. INTRODUCTION
ESIGNING a product or system can be viewed as a
problem-solving activity in which the design team seeks
(searches for) a solution that satisfies the various stakeholders’ requirements (which form constraints) and has sufficiently
good performance. In practice, teams often separate a complex
design problem into subproblems, and then, solve each subproblem instead of tackling the complete problem all-at-once.
This approach is a natural strategy, given the limitations that
human decision makers have. It is especially convenient in a
team setting; different subproblems can be assigned to different
members of the team.
If human decision makers were able to optimize, then separating a problem into subproblems would usually lead to solutions
that are inferior to those found by solving the problem all-atonce (only in certain conditions will the optimal solutions to the
subproblems form an optimal solution to the complete problem).
It is well known, however, that real-world decision makers cannot optimize because of limits on their problem-solving
capacity. This concept is known as “bounded rationality” [1].
Bounded rationality reflects the observation that, in most real-
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world cases, decision makers have limited information and limited computational capabilities for finding and evaluating alternatives and choosing among them, which prevents complete and
perfect optimization [2]–[4]. Thus, the separation into subproblems is a reasonable approach to find high-quality solutions.
The study described in this paper was motivated by the following questions.
1) When is separating a better approach than solving the
design problem all-at-once?
2) What is the best way to assign subproblems to the members of a team?
This paper presents the results of a study that considered a
class of generic design problems, modeled teams of bounded rational decision makers, and evaluated the quality of the solutions
that these teams found using different solution approaches. The
study was intended to provide insights into the relative performance of the solution approaches. Note that although this study
did not consider the process of problem formulation (sensemaking) [5], [6], it did consider the impact of the problem
formulation on solution quality.
A novel feature of this study is the use of Markov chains to
model the search of a bounded rational decision maker who is
solving a design problem. These models can be used to calculate,
without resorting to computational simulation, the probability
distribution of the value of the solution that the decision maker
will find and the expected number of steps required. We created
different models by varying the stopping rule and the type of
collaboration.
The remainder of the paper proceeds by reviewing the related
work on modeling teams of bounded rational decision makers and describing the design problems that we studied. This
paper then introduces the Markov chain models, describes the
instances analyzed, and presents the results of the study. Finally,
this paper presents a motor design example before concluding
with some insights gained from this study.
II. RELATED WORK
A. Problem Solving
Designing involves satisfying a variety of constraints from
users, regulators, and others, while making tradeoffs and compromises among competing objectives [7]. Empirical studies of
real-world designers have described the problem-solving strategies that they use to generate solutions [8]. Although it may always be possible to redefine a design problem in terms of more
fundamental considerations, in practice, someone determines
the scope of the problem, and the design team must work within
that formulation. For example, in the vehicle development
process, the decision to launch the project requires the approval
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of multiple executives within the firm and a consensus about the
new car’s requirements, appearance, and financial viability [9].
At that point, the design problem that the vehicle development
team must solve is fixed. In product development, the activities
between concept generation and the delivery to market are the
“problem-solving stage of development” [10]. The development
of complex products requires solving a range of problems at different levels in the product hierarchy (from individual parts to
major systems) [11]. Even relatively routine design tasks require
problem solving [12].
March and Simon [2] described the general characteristics
of human problem solving in organizational decision making.
The first characteristic is that making a complex decision involves making a large number of small decisions. The second
characteristic is that problem solving has a hierarchical structure in which solving any problem goes through phases that,
in turn, require solving more detailed subproblems. The third
characteristic is that problem solving consists of searching for
possible solutions (cf., [13]). The fourth characteristic is that
problem solving includes screening processes that evaluate the
solutions that are found. The fifth characteristic is that problem
solving has not only random components (such as finding and
evaluating solutions) but also a procedural structure that allows
it to yield good solutions. The proposed models of a bounded
rational designer are motivated by these characteristics.
Designers search for ways to represent the problem, for solutions to the problem, and for information about the problem
and the solutions. Simon [1] highlighted the important role that
search plays in solving design problems. Based on their studies
of human problem solving, Newell and Simon [14] described the
problem-solving process as a search through a space of possible
solutions and identified different types of solutions.
In some cases, designers search for a solution such as the
product design. In other cases, they use conceptual and procedural knowledge to search for a set of operators or actions that
will generate a solution (by transforming the initial state into a
goal state) [15]. Within a product development project, problem
solving requires searching through alternatives and evaluating
them against the problem requirements and constraints [11]. For
instance, a vehicle development team must find places inside a
car to put many components and subassemblies (such as airbag
crash sensors [16]).
Cognitive scientists have also described problem solving as
search. Wang and Chiew [17] described human problem solving
as a higher layer cognitive process and modeled the problemsolving process as a search that iteratively generates and evaluates potential solutions. The process also includes evaluating
the acceptability of a solution and other lower layer cognitive
functions. Payne and Wenger [18] identified the elements of
problem solving as representation (which describes the possible
states) and search (moving among those states).
Although design problem solving involves many types of activities, we conclude that search is a valid model of this process.
B. Subproblems
Alexander [19], Simon [1], and Lawson [7] described the hierarchical nature of design problems and noted that a design

problem is a structured collection of subproblems. A complete
design solution is the combination of solutions to multiple subproblems. Therefore, in the space of all possible solutions, there
are some solutions that share the same solution to a specific subproblem. For instance, Simon [1] described a highway design
problem, in which a “band of interest” is a set of specific routes
that connect two cities. The design problem consisted of first
selecting a band of interest and then selecting a specific route
within that band of interest. All of the routes in the same band of
interest form a distinct set. Engineering design processes often
have a conceptual design process that is followed by a detailed
design process. The detailed designs that elaborate on the same
concept form a distinct set.
A separation is a process that solves a set of subproblems. A
large problem is divided into subproblems, and the solution to
one subproblem provides the inputs to one or more subsequent
subproblems. Note that the separation does not have to be a
simple sequence of subproblems; it may have subproblems that
are solved in parallel at places. A given separation specifies a
partial order in which the subproblems are solved. The quality
of the solution generated depends upon the separation that is
used [20], [21]. Design teams who inappropriately separate a
design problem will generate low-quality solutions [22].
C. Modeling Teams
A great variety of models, including agent-based simulation
models, have been used to study teams in general (cf., [23]).
Teams of bounded rational decision-makers who perform the
same task repeatedly were studied by Boettcher and Levis [24]–
[26], who modeled the decision-making process of each person
as a two-stage process that incorporated situation assessment
and response selection. The condition of bounded rationality is
modeled as a constraint on the rate at which each person can
process information. The decision-making process was later
extended to include information fusion, task processing, and
command interpretation stages that were represented using Petri
nets [27]. Sosa and Marle [28] presented a regression model for
predicting the quality of solutions that are generated by a design
team as a function of team characteristics, such as experience,
familiarity, and team dynamics but did not consider the problemsolving process.
Gurnani and Lewis [29] studied collaborative decentralized
design processes in which the models of the team’s individual decision makers (the designers) were based on the ideas of
bounded rationality. In their model, the value chosen by each
designer was determined by randomly sampling from a distribution around the (locally) “optimal” solution. This model
was meant to represent the mistakes that designers make due
to bounded rationality. Their results showed that incorporating
bounded rationality led to more desirable solutions in a collaborative decentralized design process in which the designers had
different objectives and no way to coordinate their activities.
Herrmann [21] presented a method for assessing the quality
of a product design process by measuring the profitability of
the product that the process generates. This approach simulated
the choices of a bounded rational designer for each subproblem
using search algorithms. The searches, which were limited to a
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fixed number of iterations, had random components (either randomly selecting a solution or randomly moving to a point near
the existing solution) and a procedural structure to keep track
of the best solution found. The results showed that separating
a problem into subproblems yields a better solution than solving the entire problem at once when bounded rational search is
employed.
Hong and Page [30] modeled problem solvers of limited ability as searches that they called “heuristics,” and each heuristic
searched a finite set of solutions until it could not find a better solution. Thus, the problem solver is conducting a type of
hill-climbing search. Hong and Page simulated teams of such
problem solvers and identified conditions under which a diverse
set of problem solvers will likely perform better than a team of
high-performing individuals. In their work, the problem solvers
searched a finite set of solutions (the size ranged from 200 to
10 000). A problem solver was characterized by how many and
which points near the current solution it would consider. Essentially, different problem solvers had different neighborhood
definitions. LiCalzi and Surucu [31] studied teams of problem
solvers in which different problem solvers had different partitions of the solution space, which affected the team’s ability to
find the optimal solution. They considered how the size of the
search space affected the size of the team needed to find the
optimal solution.
D. Design Structure Matrix (DSM)
The DSM is an information-based model of product development. A DSM represents the activities in a product development
project, their duration, and the probabilities of repeating them
[32]–[34]. Recent work using DSMs has studied the impact of
iterations and overlapping activities [35]–[37].
Unlike previous work that modeled product development using DSMs, this study focused on the quality of the design solution, not the time required to complete the task. Unlike Gurnani
and Lewis [29], this study modeled a bounded rational decision
maker with a search process. The Markov chain models used in
this study are different from the simulation models used in previous work [21], [30], [31]. Moreover, this study, unlike Hong
and Page [30] and LiCalzi and Surucu [31], did not measure the
value of diversity; instead it studied how separating the problem and allocating the team’s resources affect the quality of the
solutions that teams of problem solvers generated.
III. PROBLEM FORMULATION
This study considered teams of bounded rational decision
makers (problem solvers or agents) and different approaches
for solving a generic class of design problems, which allowed
us to vary the characteristics of the search space directly without
the distractions of specific decision variables, constraints, and
objective functions. (To establish the approach more concretely,
however, a specific example is discussed in Section VIII.)
In this paper, a design problem requires finding an optimal
solution in a space of many solutions. The solution space is
hierarchical, and it is divided into sets. Each set consists of similar solutions. (The sets are mutually exclusive and collectively
exhaustive.)
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In this study, every solution in the solution space has a value
in the set {1, . . . , N}, where the value N is the optimal value,
and a solution with value i is better than a solution with value
j if and only if i > j. The number of solutions in the solution
space is not relevant. Let p(x) be the probability that a randomly
selected solution will have the value x, for all x ∈ {1, . . . , N }.
Because of the hierarchical nature of the solution space, the
solutions are grouped into sets. The value of a set depends
upon the values of the solutions in the set. We assume that
there is a single value in the range {1, . . . , S} that describes the
value of a set. (Again, a larger value is better.) Let q(s) be the
probability, when searching for a set, that a randomly selected
set will have the value s, for all s = 1, . . . , S. Let rs (x) be the
probability, when searching in a set with value s, that a randomly
selected solution will have the value
 x. Naturally, the following
relationship must hold: p(x) = Ss=1 q(s)rs (x).
IV. MODELING AGENTS SEARCHING
A problem-solver (“agent”) who is searching a space of solutions (or sets) wants to find the best point (set), that is, the one
that has the largest value. The agent is limited, however, by the
limitations of the search strategy. In this study, we considered
three basic models of an agent’s search. We called these the
“hill-climbing,” “fixed effort,” and “target values” models.
In all of the models, the agent begins by randomly selecting
a solution in the solution space. From the current solution, the
agent checks another randomly selected solution and accepts
the new one if it is better (has a greater value) than the current
one. The distinctive characteristic of each model was the stopping rule that determined when the agent stopped searching and
returned the current solution (the best found so far). Note that
the agent has a “memory” because it retains and returns the best
solution that was found during the search.
The search for a set works in the same way. There are S types
of sets and an ordering over the values of the sets such that a set
of type a is better than a set of type b if a > b. An agent who is
searching for a set returns the best set found.
In the “hill-climbing” model, the agent’s search is governed
by a parameter K. If the agent checks K consecutive solutions
that are not better than the current one, then the agent stops his
search. (Increasing K will increase the effort spent searching
and will increase the expected value of the solution found.)
The quality of the solution found by the agent is a random
variable that depends upon K and the distribution of values in
the search space. Let v(t) be the value of the agent’s current
point after checking t points (where t = 0 corresponds to the
initial point).
The stochastic process v(t), t = 1, 2, . . . , is generated by
a Markov chain. In the hill-climbing model, the state of the
Markov chain is the value of the agent’s current point and
the number of points checked since accepting that point. Let
(v(t), n(t)) be the state at step t, where v(t) is the value of
the agent’s current point and n(t) equals the number of points
checked since accepting that point. If a new point is not better, and, thus, not accepted, v(t) remains the same, and n(t)
increases. If the new point is better, however, v(t) becomes the
value of the new point, and n(t) becomes 0 again.
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The number of states is finite. The states are the elements of {1, . . . , N } × {0, . . . , K}. At t = 0, n(0) = 0, while
P {v(0) = x} is determined by the initial distribution. (In some
cases, P {v(0) = x} = p(x).) All states that have n(t) = K
are absorbing states because the search stops when this occurs.
All of the other states are transient. Thus, the distribution of
v(t) converges to the distribution over the absorbing states (1,
K), . . . , (N, K). Let p (x) be the probability that the search stops
at state (x, K), and note that this distribution depends upon the
initial distribution over the states.
The probability transition matrix P = Φ(p) can be described
as follows:

Let P (w, j, x, i) = P v(t) = x, n(t) = i|v(t − 1)

= w, n(t − 1) = j
P (w, j, x, 0) = p(x), for w = 1, . . . , N − 1, x
= w + 1, . . . , N, j = 0, . . . , K − 1
P (w, j, w, j + 1) = p(1) + · · · + p(w), for w
= 1, . . . , N, j = 0, . . . , K − 1
P (w, K, w, K) = 1, for w = 1, . . . , N
P (w, j, x, i) = 0, otherwise.
In the “fixed effort” and “target values” models, the state
is only v(t), the value of the best solution found so far. In
the “fixed effort” model, the agent checks a fixed number of
randomly selected solutions. The probability transition matrix
F = θ(p) can be described as follows:
Let F (w, x) = P {v(t) = x|v(t − 1) = w}
F (w, x) = p(x), for w = 1, . . . , N − 1, x = w + 1, . . . , N
F (w, w) = p(1) + · · · + p(w), for w = 1, . . . , N
F (w, x) = 0, for w = 2, . . . , N, x = 1, . . . , w − 1.
The only absorbing state is N. The result of conducting a
search with m steps is p = pP m .
In the “target values” model, the agent searches until a sufficiently good (near-optimal) solution is found. Let T denotes the
set of target values. Let nv be the number of target values. Set
V = N + 1 − nv . Then, T = {V, V + 1, . . . , N }. The probability transition matrix U = Υ(p) can be described as follows:
Let U (w, x) = P {v(t) = x|v(t − 1) = w}
U (w, w) = p(1) + · · · + p(w), for w = 1, . . . , V − 1
U (w, x) = p(x), for w = 1, . . . , V − 1, x = w + 1, . . . , N
U (w, w) = 1, for w = V, . . . , N
U (w, x) = 0 otherwise.
The target values {V, V + 1, . . . , N } are absorbing states.
Let p = τ (p, nv ) be the probability distribution over the target
values (at the end of the search) as a function of the distribution
of the values in the search
 space and the number of target values.
p(v), for x ∈ T .
Then, p (x) = p(x)/
v ∈T

We considered two approaches for modeling collaboration
(when two or more agents work together to solve the same
problem). In the first approach, which we call “serial,” a collaborating agent waits for the first agent to finish a search and
continues the search where the first one ended. In this case,
the probability distribution over the second agent’s initial state
equals the probability distribution over the first agent’s final
state. If a third agent continues the search, then the probability
distribution over the third agent’s initial state equals the probability distribution over the second agent’s final state.
In the second approach, which we call “united,” the collaborating agents search at the same time. At each step, the collaborating agents select independent points in the solution space and
keep the best of these points; if the value of this best point is
better than the current point, then they accept the new point. Although the structure of the probability transition matrix remains
the same, the transition probabilities are different because the
distribution of the best point is different from the distribution of
a single point.
If two or three agents are united, then the probability that the
best of their values (on any step) can be determined as follows.
Let c(x) be the probability that an agent selects a value less than
x−1

p(y), for x = 2, . . . , N .
x. c(1) = 0, and c(x) =
y =1

Let p̃ = Γ(p) be the probability that the best value selected
by two collaborating agents equals x, and let p̂ = Δ(p) be
the probability that the best value selected by three collaborating agents equals x p̃(x) = p2 (x) + 2p(x)c(x), and p̂(x) =
(p(x) + c(x))3 − c3 (x).
A team of two agents can solve a problem using two approaches. In the “all-at-once” approach, both agents collaborate
to search the entire space of solutions. The agents can also separate the problem into two subproblems that are solved sequentially. The first subproblem is to find the best set of solutions,
and the second subproblem is to find the best solution within
that set. The first agent searches the sets until he stops, and then,
the second agent searches that set of solutions until he stops.
(We will refer to this as a “1-1 separation”).
If the team consists of three agents, then there are three approaches.
1) All three collaborate to search the entire space of solutions.
2) Two agents collaborate to search the sets, and then, the
third agent searches that set of points (a “2-1” separation).
3) One agent searches the sets, and then, the other two agents
collaborate to search that set of points (a “1-2 separation”).
Although our primary measure of effort is the number of
people on the team solving the design problem, we can exploit
these models to determine the expected number of steps taken in
each search by determining the first passage time to an absorbing
state (see, for instance, Bhat [38]). (Of course, the fixed effort
searches have a given number of steps.)
V. INSTANCES
To compare the performance of different separations, we
generated different distributions for the sets and populations to
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generate nine cases. To consider cases that had a range of
difficulty, we varied the difficulty of finding high-value sets and
the difficulty of finding high-value points within these sets. In
the “easiest” cases, every value was equally (or nearly equally)
likely. In the more difficult cases, the high-value sets and points
were less likely. The distributions chosen were consistent with
these principles. Note that, in the experiments described by
Hong and Page [30], all of the possible values were equally
likely.
Each case is distinguished by a specific distribution for q(s),
the probability of finding a type s set when searching for a set,
and specific distributions for rs (x), the probability of finding
a point with value x when searching in a type s set. (Together,
these determine p(x).)
We generated nine cases by combining three distributions
for q(s) (which we will call A, B, and C) and three sets of
distributions for rs (x) (which we will call I, II, and III). Thus,
we have nine cases, labeled from A-I to C-III. All of the cases
have a space with S = 15 types of sets and N = 120 values.
In the A cases, all of the sets were equally likely qA (s) =
1
15 for all s = 1, . . . , S. In the B cases, the higher value sets
were less likely (the overall distribution is triangular): qB (s) =
(16 − s)/120 for all s. In the C cases, the higher value sets were
even less likely (the overall distribution is geometric) qC (s) =
0.7s−1 /(1 + · · · + 0.714 ) = 0.3(0.7)s−1 /(1 − 0.715 ), for all s.
In the type-I cases, within a set, every value was possible, but some values were slightly more likely. In particular,
19
= 0.0095, for x = 5(s − 1) +
for s = 1, . . . , 15, rs (x) = 2000
15
1, . . . , 5(s − 1) + 50 and 2000 = 0.0075, otherwise.
In the type-II cases, within a set, only some values were possible, but the possible values were equally likely. In particular, for
1
, for x = 5(s − 1) + 1, . . . , 5(s −
s = 1, . . . , 15, rs (x) = 50
1) + 50 and 0, otherwise.
In the type-III cases, within a set, only some values were
possible, but the greater values were less likely. In particular,
for s = 1, . . . , 15, rs (x) = (5s + 46 − x)/1275, for x = 5(s −
1) + 1, . . . , 5(s − 1) + 50 and 0, otherwise.
Note that, in the type-II and type-III cases, only the best sets
have optimal values.
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value found by multiple agents, which is equivalent to every
agent taking one step and returning one value.) When using the
target values stopping rule, only the united search was considered. A serial version of collaboration would not make sense
because the first agent searches until a target value is found.
In addition, we used the target values stopping rule only
when considering the type-I cases because every set contained
every target value (in the type-II and type-III cases, some sets
contained none of the target values).
For each combination of case, search (all-at-once or separation), stopping rule, and stopping rule parameter value, we
determined the probability distribution of the value returned at
the end of the search and the expected number of steps required.
Due to space limitations, we cannot provide the specific equations used for every calculation. Here, we will briefly outline
the computational approach.
For an all-at-once search modeled with a serial team, we
determined p = Ω(p, P ), the probability distribution over the
values that the first agent finds; then, p = Ω(p , P ), the probability distribution over the values that the second agent finds;
and finally p = Ω(p , P ), the probability distribution over the
values that the third agent finds. (The technique for calculating
these depends upon the stopping rule being used.)
For a united team of two agents, we determined the distribution p̃ = Γ(p), the transition probability matrix P̃ = Φ(p̃), and
the result p̃ = Ω(p̃, P̃ ), the probability distribution over the values that the team finds. For a united team of three agents, we
determined the distribution p̂ = Δ(p), the transition probability
matrix P̂ = Φ(p̂), and the result p̂ = Ω(p̂, P̂ ), the probability
distribution over the values that the team finds.
For the separations, we had to determine the results of searching for the best set and the results of searching for the best
solution in each set.
If two agents separate the problem, and each one solves one
subproblem (a “1-1 separation”), then we determined the transition probability matrix Q = Φ(q) and the result q  = Ω(q, Q) for
the first agent. For every set, we determined the transition probability matrix Rs = Φ(rs ) and the result rs = Ω(rs , Rs ), and
S

then, used these results to determine p(11) (x) =
q  (s)rs (x).
s=1

VI. COMPUTATIONAL EXPERIMENTS
The purpose of the computational experiments was to compare the performance of the teams’ solution approaches. We
compared the results of the 1-1 separation to the results of two
agents conducting an all-at-once search. We compared the results of the 1-2 separation and the 2-1 separation to the results
of three agents conducting an all-at-once search.
Each search was modeled using the hill-climbing stopping
rule (with K = 1, 2, 3, 4), the fixed effort stopping rule (with
m = 10, 20, 30, and 40 steps per search), and the target values
stopping rule (with nv = 1, 2, 3, and 4 target values).
When using the hill-climbing stopping rule, the collaboration
of multiple agents was modeled as a serial search and as a united
search. When using the fixed effort stopping rule, only the serial
search was considered because the model with the united search
is equivalent. (In the united search, each step returns the best

If three agents separate the problem as a “1-2 separation,”
then q  = Ω(q, Q) is the result for the first agent. The other two
agents collaborate to find a solution.
For a serial team, then, for each set, rs = Ω(rs , Rs ) is the
result for the second agent (the first for this subproblem). Then,
rs = Ω(rs , Rs ) is the result for the last agent (the second for
this subproblem). We used these results to determine the team
S

q  (s)rs (x).
result p(12) (x) =
s=1

For a united team, for every set, we determined the probability
distribution r̃s = Γ(rs ), the transition probability matrix R̃s =
Φ(r̃s ), and the result r̃s = Ω(r̃s , R̃s ). We used these results to
S

determine the team result p̃(12) (x) =
q  (s)r̃s (x).
s=1

If the agents separate the problem as a “2-1 separation,” then
the first two agents collaborate to search for a set, and the third
agent searches for a solution.
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TABLE I
LIKELIHOOD OF AN OPTIMAL SOLUTION IN EACH CASE
Case

p(120)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

7.6 × 10 −3
1.3 × 10 −3
5.2 × 10 −5
7.5 × 10 −3
1.7 × 10 −4
6.5 × 10 −6
7.5 × 10 −3
4.1 × 10 −5
1.6 × 10 −6

For a serial team, the second agent continues where the first
agent stopped, so the result q  = Ω(q  , Q). We used these results
S

to determine the team result p(21) (x) =
q  (s)rs (x).
s=1

For a united team, we determined the probability distribution
q̃ = Γ(q), the transition probability matrix Q̃ = Φ(q̃), and the
result q̃  = Ω(q̃, Q̃). We used these results to determine the team
S

result p̃(21) (x) =
q̃  (s)rs (x).
s=1

When calculating the expected number of steps in a search,
the expected number of steps for unified team searches was
multiplied by the number of agents in the team.
VII. RESULTS
Here, we report the probability that an agent (or team) will
find a solution with the optimal value, and the expected number of steps that an agent (or team) spends searching. Because
the primary purpose is to compare the separations to the all-atonce approaches, the results for the 1-1 separation are shown
relative to the results for the two-agent team performing an allat-once search. Moreover, the results for the 1-2 separation and
the 2-1 separation are shown relative to the results for the threeagent team performing an all-at-once search. Because varying
the search parameter did not affect the relative performance of
the separations, all of the results reported here are averaged
over the four values of K, the four values of effort m, or the four
values of nv , the number of target values.
Although the absolute performance of the 1-1 separation does
not depend on the team collaboration because each search is
done by only one agent, the absolute performance of the allat-once search with two agents does depend on the team collaboration, which affects the relative performance of the 1-1
separation.
The likelihood of an optimal solution (in the entire population) varied from case to case as shown in Table I. These values
show that cases A-I, B-I, and C-I are easier because optimal
solutions are more likely.
The absolute performance of the models did depend upon
the parameters K, m, and nv . For example, we will consider
the performance of the three-agent all-at-once search on case
B-I. The hill-climbing model with serial teams predicted that,
as K increased from 1 to 4, the likelihood of finding an optimal solution increased from 0.039 to 0.125 and the expected

TABLE II
AVERAGE RELATIVE PROBABILITY THAT A TEAM OF TWO AGENTS WILL FIND
AN OPTIMAL SOLUTION USING A 1-1 SEPARATION FOR DIFFERENT
SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

0.675
2.535
2.660
0.645
2.938
3.103
0.641
2.926
3.092

0.558
2.082
2.181
0.533
2.409
2.544
0.529
2.400
2.535

0.653
4.808
5.927
0.584
8.977
11.621
0.567
9.761
12.715

0.994

0.994

0.994

TABLE III
AVERAGE RELATIVE PROBABILITY THAT A TEAM OF THREE AGENTS WILL
FIND AN OPTIMAL SOLUTION USING A 1-2 SEPARATION FOR DIFFERENT
SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

0.796
2.915
3.160
0.761
3.373
3.688
0.757
3.357
3.674

0.720
2.540
2.828
0.689
2.926
3.300
0.685
2.911
3.287

0.839
5.150
7.711
0.760
9.335
15.119
0.740
10.111
16.542

0.995

0.995

0.995

number of steps increased from 4.3 to 16.7. The hill-climbing
model with a unified team predicted that, as K increased from
1 to 4, the likelihood of finding an optimal solution increased
from 0.055 to 0.161 and the expected number of steps increased
from 6.5 to 22.4. The fixed effort model predicted that, as the
number of steps increased from 30 to 120, the likelihood of
finding an optimal solution increased from 0.209 to 0.599. The
target values model predicted that, as the number of target values increased from 1 to 4, the likelihood of finding an optimal
solution decreased from 1 to 0.256 and the expected number of
steps decreased from 134.0 to 34.3.
The relative performance of the 1-1 separation varied across
the cases. As shown in Table II, in cases A-I, B-I, and C-I,
using the separation decreased the likelihood of returning an
optimal solution. In the other cases, using the separation increased the likelihood of returning an optimal solution. These
results were consistent across the different models. As shown
in Table V, the change in the expected number of steps in a
search varied; different models produced different results. The
hill-climbing model with serial collaboration predicted that using the separation would increase the expected number of steps,
but the hill-climbing model with united teams predicted that
using the separation would decrease the expected number of
steps. Of course, the fixed effort predicted no change, but the
target values model predicted an increase that varied based on
the distribution of the sets.
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TABLE IV
AVERAGE RELATIVE PROBABILITY THAT A TEAM OF THREE AGENTS WILL
FIND AN OPTIMAL SOLUTION USING A 2-1 SEPARATION FOR DIFFERENT
SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

0.525
2.723
2.851
0.490
3.460
3.654
0.485
3.515
3.715

0.397
2.238
2.333
0.367
3.028
3.197
0.363
3.116
3.293

0.494
3.925
4.719
0.443
10.601
13.653
0.420
12.482
16.244

0.989

0.989

0.989

TABLE V
AVERAGE RELATIVE NUMBER OF STEPS REQUIRED BY A TEAM OF TWO
AGENTS USING A 1-1 SEPARATION FOR DIFFERENT SEARCH MODELS
Case

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

1.113
1.107
1.108
1.114
1.109
1.110
1.096
1.092
1.093

0.884
0.878
0.879
0.885
0.879
0.880
0.870
0.867
0.867

1
1
1
1
1
1
1
1
1

1.011

1.483

3.661
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TABLE VII
AVERAGE RELATIVE NUMBER OF STEPS REQUIRED BY A TEAM OF THREE
AGENTS USING A 2-1 SEPARATION FOR DIFFERENT SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

1.092
1.088
1.088
1.099
1.095
1.095
1.086
1.083
1.083

0.884
0.878
0.879
0.900
0.893
0.894
0.890
0.885
0.885

1
1
1
1
1
1
1
1
1

1.008

1.479

3.639

TABLE VIII
DIFFERENCE IN THE AVERAGE RELATIVE PROBABILITY THAT A TEAM OF THREE
AGENTS USING A 2-1 SEPARATION AND A TEAM USING A 1-2 SEPARATION
WILL FIND AN OPTIMAL SOLUTION FOR DIFFERENT SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

−0.271
−0.192
−0.309
−0.271
0.087
−0.034
−0.272
0.158
0.041

−0.323
−0.302
−0.495
−0.321
0.103
−0.103
−0.322
0.206
0.006

−0.346
−1.225
−2.992
−0.317
1.266
−1.465
−0.320
2.371
−0.298

−0.006

−0.006

−0.006

TABLE VI
AVERAGE RELATIVE NUMBER OF STEPS REQUIRED BY A TEAM OF THREE
AGENTS USING A 1-2 SEPARATION FOR DIFFERENT SEARCH MODELS
Case

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

Target values
(united)

A-I
A-II
A-III
B-I
B-II
B-III
C-I
C-II
C-III

1.105
1.098
1.100
1.106
1.099
1.102
1.093
1.087
1.090

0.916
0.903
0.909
0.917
0.903
0.909
0.908
0.895
0.901

1
1
1
1
1
1
1
1
1

1.010

that the hill-climbing and fixed effort models determined that
the 2-1 separation would have a higher likelihood of returning
an optimal solution than the 1-2 separation in some of the cases.
The fixed effort model predicted larger differences between the
two separations than the hill-climbing model.

1.479

VIII. MOTOR DESIGN
3.639

The results for the relative performance of the 1-2 separation
and the 2-1 separation varied across the cases in a similar way
as shown in Tables III, IV, VI, and VII. Again, in cases AI, B-I, and C-I, using the separation decreased the likelihood
of returning an optimal solution, but, in the other cases, using
the separation increased the likelihood of returning an optimal
solution. The results for the expected number of steps showed
similar trends as those seen for the relative performance of the
1-1 separation.
The performance of the 1-2 separation and the 2-1 separation
was similar but not identical. As shown in Tables VI and VII, the
hill-climbing models determined that the 1-2 separation would
require more steps than the 2-1 separation. Table VIII shows

This section describes a specific design problem and the results of testing the different separations on this problem. Consider a design team who is designing a transverse flux linear
motor (TFLM). The design team must determine values for four
design variables (described below) and seeks to maximize maximum thrust force YT , minimize maximum detent force YD , and
minimize weight YW .
To evaluate the team’s performance using different separations of this problem, we first use a TFLM model to determine
the team’s search space. Note that the team is not explicitly
formulating and solving this TFLM model. We assume that the
design team is searching for a solution in a manner consistent
with the Markov chain models presented earlier.
In the TFLM model [39], the four design variables
X1 , X2 , X3 , X4 are the stator pole length (mm), the air gap
length (mm), the winding window width (mm), and the stator
pole width (mm). These design variables are constrained to the
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following bounds:
10 ≤ X1 ≤ 30
0.5 ≤ X2 ≤ 1.5
20 ≤ X3 ≤ 40
10 ≤ X4 ≤ 18.
After conducting a FEA on 31 design points, Hasanien developed response surface models for the objectives YT , YD ,
and YW . In these models, each design variable Xi was represented by a scaled variable xi . The range of each scaled variable
was [−1, 1]. The scaling was linear xi = −1 when Xi was at
the minimum of its feasible range, xi = 0 when Xi was at the
midpoint of its feasible range, and xi = 1 when Xi was at the
maximum of its feasible range. The second-order polynomial
functions for each objective were given in terms of these scaled
variables
YW = 10.09 + 1.86x1 − 0.020x2 + 2.39x3 + 0.58x4
+ 0.092x21 + 0.097x22 − 0.327x23 + 0.177x24
− 0.0006x1 x2 + 0.0556x1 x3 + 0.258x1 x4
− 0.0006x2 x3 − 0.0006x2 x4 + 0.0206x3 x4
YT = 707.35 + 118.08x1 − 88.03x2 + 36.61x3 + 44.95x4
− 71.43x21 + 0.746x22 − 17.78x23 − 67.83x24
− 8.57x1 x2 − 14.68x1 x3 − 9.00x1 x4
+ 7.46x2 x3 + 10.99x2 x4 + 12.15x3 x4
YW = 74.78 + 11.58x1 − 9.38x2 + 13.51x3 + 12.84x4
− 14.35x21 + 3.24x22 − 1.17x23 + 1.67x24
− 4.45x1 x2 − 2.49x1 x3 + 1.64x1 x4
− 1.11x2 x3 − 2.73x2 x4 + 0.19x3 x4 .
Based on these variables, we developed a multiattribute utility
function. For each attribute (weight, thrust force, and detent
force), the utility function was linear over a range from the
original values and the best reported value [39]
UW = (10.09 − YW )/(10.09 − 5.60)
UT = (YT − 709.9)/(804.65 − 709.9)
UD = (74.61 − YD )/(74.61 − 26.71).
The total utility was a linear combination of these utility
values; the weights were chosen so that the optimal solution to
the resulting problem was near the near-optimal solutions given
by Hasanien [39]: U = 0.4UW + 0.2UT + 0.4UD .
In this problem, a set represented a portion of the solution
space. In particular, the range of each scaled design variable was
divided into two intervals [−1, 0] and [0, 1]. Each of the 16 sets
was a different combination of these intervals. For example, one
set was the Cartesian product {−1 ≤ x1 ≤ 0} × {−1 ≤ x2 ≤
0} × {−1 ≤ x3 ≤ 0} × {−1 ≤ x4 ≤ 0}.

TABLE IX
AVERAGE RELATIVE LIKELIHOOD OF FINDING AN OPTIMAL SOLUTION BY A
TEAM OF AGENTS FOR DIFFERENT SEARCH MODELS
Separation

1-1
1-2
2-1

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

2.21
2.50
2.17

1.87
2.17
1.80

2.74
2.63
2.10

All of the sets were considered equally likely, so q(s) = 1/16
for all 16 sets. The “value” of a set was determined by evaluating the utility of the solution in the middle of the set (every
scaled variable was at the midpoint of its interval). For example,
the value of the set mentioned in the previous paragraph was
determined by the utility of the point (−0.5, −0.5, −0.5, −0.5).
For purposes of constructing the Markov chains that represent
the design team’s searches, the utility values of the solutions
were put into “bins.” There were 40 equal-size bins that spanned
the range from −1 to 1. Each bin corresponded to one value in
the Markov chain. A larger utility is preferred.
Within each set, we divided the interval for each scaled design
variable into ten equal subintervals and found the midpoints of
each subinterval, which yielded ten values for this scaled design
variable and 104 solutions, all in the specified set. We created
the distribution rs (v) for the set by evaluating the utility of all
104 solutions and determining the frequency of each bin. The
distribution within each set was roughly triangular.
The 160 000 solutions yielded utilities in only 19 distinct
bins. Only 721 solutions (from four sets) had utilities in the
optimal bin. Thus, the fraction of all solutions that are optimal
is approximately 0.0045.
Using this instance, we tested the same all-at-once searches
and the separations that were used in the computational experiment. The hill-climbing model was run with K = 1, 2, 3, 4, and
5. The fixed effort model was run with 10, 20, 30, 40, and 50
steps per search. (Because not every set had an optimal solution,
the target values model was not used for this example.)
As we did in the computational experiments, we determined
the performance of the 1-1 separation relative to the results
for the two-agent team performing an all-at-once search and
the performance of the 1-2 separation and the 2-1 separation
relative to the results for the three-agent team performing an allat-once search. Because varying the model parameters did not
affect the relative performance of the results, all of the results
reported here are averaged over the five values of K and the five
values of effort m.
As shown in Table IX, using separations increased the likelihood that the design team finds an optimal solution. This result
was consistent across the different models. The average relative
likelihood ranged from 1.80 to 2.74.
As shown in Table X, the change in the expected number of
steps in a search varied, and different models produced different results. The hill-climbing model with serial collaboration
predicted that using the separation would increase the expected
number of steps, but the hill-climbing model with united teams
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TABLE X
AVERAGE RELATIVE NUMBER OF STEPS REQUIRED BY A TEAM OF AGENTS FOR
DIFFERENT SEARCH MODELS
Separation

1-1
1-2
2-1

Hill climbing
(serial)

Hill climbing
(united)

Fixed effort
(serial)

1.11
1.09
1.10

0.90
0.91
0.92

1
1
1

predicted that using the separation would decrease the expected
number of steps. Of course, the fixed effort model predicted no
change.
The performance of the two separations with three
agents (the 1-2 and 2-1 separations) was the same on one measure (the average relative number of steps required) but different
on the other measure (the average relative likelihood of finding
an optimal solution). On the latter measure, the 1-2 separation
performed better than the 2-1 separation. The sets were equally
likely, so it was not difficult to find a set with high-quality solutions; within a set, however, the optimal solutions were less
likely. Thus, spending more effort searching the set (as the 1-2
separation does) is more effective than spending more effort for
a set with high-quality solutions.
These results indicate that, for this problem, using a separation
increases the likelihood that the design team finds an optimal
solution (compared to all-at-once searches), and a third agent,
if available, should search for solutions (not sets).
IX. SUMMARY AND CONCLUSION
This paper presented Markov chain models for evaluating the
search of a bounded rational decision maker and discussed the
results of a study that analyzed the relative performance of teams
who are solving design problems. This study was motivated by
the following questions.
1) When is separating a problem a better approach than solving the problem all-at-once?
2) What is the best way to assign members of the team to the
subproblems in a separation?
This paper’s main contribution is a novel quantitative approach for answering these two questions.
The results indicate that there are some situations in which
searching the complete space of solutions is a better approach
and other situations in which separating the problem is a better
approach. In particular, the separation approaches performed
better than the all-at-once approaches when high-value solutions
are less likely. The best assignment of team members (agents)
to subproblems also varied. When finding good sets is difficult,
more resources should be devoted to this task; otherwise, when
finding good solutions within a set is difficult, more resources
should be devoted to that subproblem.
In engineering design, these results suggest that more effort
should be spent developing better concepts in those domains in
which a variety of concepts exists but high-quality concepts are
hard to find. In domains, in which the concepts all have similar
performance, more effort should be spent searching for better
detailed designs that implement the selected concept.
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Beyond the particular results, the approach presented here is
a novel quantitative approach for answering these questions. Although it requires some calculations, it does not require repeated
simulation runs.
Applying this approach, for a class of design problems, would
require identifying the overall design problem and the potential
separations of that problem into subproblems (cf., [21]). For
each problem and subproblem, the probability distribution over
the quality of its feasible solutions needs to be determined; this
could be done by creating a mathematical or computation model
that predicts the solution quality as a function of the design variables, generating and evaluating feasible solutions, and inferring
the distribution from these points. Then, the Markov chains that
represent the searches for solutions can be constructed and analyzed as discussed in this paper.
The primary implication for those who design and manage
design processes and engineering teams is that the quality of the
solutions that the teams generate depends upon the separation
that is being used (in addition to many other factors). Thus, improving a design process so that it generates better solutions may
require redefining the subproblems that the teams are solving
(cf., [40]).
This study, like the one described by Hong and Page [30],
considered a class of generic problems. Doing this allowed us
to vary the characteristics of the search space directly without
the distractions of specific decision variables, constraints, and
objective functions.
In this study, every agent who was searching the same space
was modeled with the same probability distribution over the
value of the next point tried, but this approach could be modified
easily to model agents with different skills who sample the
search space in different ways.
Trying to consider all of the search space at once can lead to
design problems that are too large to solve well because the distribution of high-quality points makes it difficult for the bounded
rational decision maker to approach an optimal solution. In these
situations, using well-designed separations can be the best way
to find quality solutions and make engineering design decisions.
A separation is effective because human decision makers have
limitations and cannot optimize.
Although this study did not consider the process of problem
formulation, using a separation involves a type of problem formulation. In the separations that were studied, the solution to
the first subproblem (finding a set) defined the search space for
the second subproblem (finding a solution in that set).
These results reinforce the conclusions of Herrmann [21]
about the usefulness of separating complex design problems for
bounded rational decision makers. They also demonstrate the
usefulness of this analysis approach for comparing separations
that have different subproblems and different allocations of team
resources.
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