


Definition 2.5
Let ps € P. Define the set of compound sequence matrices
of py relative to € € r as:
C(6,e) = {M; meN, MeR™™,
M;; := po(siet;) si,t; €x'}.

Definition 2.6
Let ps € P. Define the rank of p, relative to € € r as:

re(e) ;== sup (rank M)

M€eC(d,¢e)
Remark 2.7 If py € P and 0 = (k, A, B, ) then:
po(siet;) = nM(s;)M(e)M(t;)e

and, from Sylvester’s inequality, rs(e) < k.
Definition 2.8
Let ps € P and 8§ = (k, A, B, «).

ps 1s said to be regular if r¢(c) =k, Ve€Er.

8 is regular if 6 € © and p, is regular.

Definitions 2.6 and 2.8 are analogous to notions defined in {5]
for deterministic functions of Markov chains.
Theorem 2.9

Regular points of ©' are identifiable modulo permutations
of the states.
Remark 2.10

It is interesting to observe that under the same hypotheses
theorem 2.9 has been proved in [6] in the case of fized order of
the model. For identification it is convenient to have compact-
ness of the parameter space. Define, for 6§ > O:

@:5 = {0 S @'; a5 > 6, bj, > 5, Vl‘,j,E}

In what follows we will assume that the observed process {Y:}
has a regular pdf py(-) € P', i.e. there exists a regular point
8o = (n, A%, B®) € @' such that py(-) = ps, ().

In practice the choice of § is reduced to the choice of an
upper bound K to the order n of the observed process. If
n < K and K is large enough taking 6 := % we have §, € Of

3. Order Determination

We want to analyze the following question: given observa-
tions (y1,y2,-..yr) with T arbitrarily large, can we determine
the order n of {Y;} ? The answer is yes if ps, € F; and is
regular.

It is convenient to decompose @) as follows: 0% = UK 05,
where ©f, is the section of @; along k. We identify § =
(k, A, B) € 05, with its projection § = (4, B).

Define the random variables on r*:

f1(8,Y (1)) = Fa[¥o]
fr(6,Y () = Po[YolYZry]

Vo € O
v O and T > 2

Lemma 3.1(7]
f(9,Y(-)) = 1!1_{20 fT(a’Y('))

exists VY (-) € r* and is continuous on 0}, Vk € K.
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Define:

hi() : ©5 R, — hi(8) := Eg,[log f(6,Y (-))]
1
hir() : O, = R, hir(8) = 7 log PlYT8)
he : K — IR ,hy 1= sup hi(8)
€04 &
hk,T :KxN-—-IR 1hk,T = Ssup hk,T((?)
8EDs k

Lemma 3.2(7)

i) () is continuous on O, Vk € K
il)  hel’) = limr—eo her()) V8 € ©f) and a.e. Py,
Theorem 3.3

1) he(0) < ha(80) VkeK, 0€ 0y,

i) hg(8) =ha(bo) iffik=n

This is an important consequence of theorem 2.9. Com-
pactness of @ allows us to conclude with:
Corollary 3.4 h, > ki vk e K, k # n.

From the abstract point of view this solves the problem of
order determination. To compute the sequence hp we must
start from the data and therefore from the sequence of nor-
malized maximum log-likelihoods hxr. In our situation the
asymptotic behavior of kg r is easy to analyze.

Lemma 3.5: 67 < P[Y[9] < (1-6)T V6€0;

and therefore:

Lemma 3.6: hi oo := limr_co her exists Vk € K
To be able to apply corollary 3.4 we need hro = hi and
this is true if:

(3.1) lim sup hyr(8) = sup lim her(6)
T—o00 9692',‘ . seel, T—oo

The interchange of limit opera'tions (3.1) is allowed under uni-
form convergence (for T — oo) of hir(d) on ©5,. Using
the previous results one can verify that actually the sequence
hi7(6) satisfies Dini’s criterion for uniform convergence.

Observe that (3.1) is verified for every trajectory Yi(w) and
from Lemma 3.2 we conclude that Ay — hy for almost (Ps,) '
every trajectory.

Theorem 3.7
i) arg mazy{her} is a strongly consistent estimator of 7.

ii) For (almost) every trajectory there exists T, such that:
n = arg maz {hi1} (VT > T,)
Remark The practical computation of ke r (and of the max-
imizing 8 = (A, B)) can be done using the Baum-Eagon algo-
rithm; see [8] for a description and the analysis of its numerical
properties. p
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