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_ _Abstract

We analyze here state space models for
bilinear hereditary differential systems of var-
jous levels of complexity. It is shown that for
many reasons it is more convenient to develop
state space models in Hilbert spaces, following
the method of Delfour and Mitter. In certain
cases.explicit bilinear operational differential
equations are obtained that illustrate the way
the controls influence the spectrum of the infin-
itesimal generator of the system. Certain con-
nections with the theory of Lie semigroups are
also discussed.

Summary

Finite dimensional bilinear systems have
been studied intensively during the last few
years {1] -[4]. There are many problems where
one finds in addition to bilinearity in the dynam-
ics, hereditary behavior. Typical examples are
integrated circuits, nuclear reactor dynamics,
wave propagation problems in random media
[5],[6]. Thus, bilinear hereditary systems
represent an important class of nonlinear infi-
nite dimensional systems, and their analysis is
feasible. Recently [5],[6] we described certain
controllability properties of bilinear systems
with constant delays in the state. The formula-
tion in these papers utilizes the space of contin-
uwous functions over one delay interval as state
space. -For the solution of optimal control
problems, estimation, filtering and stability
analysis it is preferable to represent these sys-
tems in state spaces which have the structure of
a Hilbert space. This is the purpose of the pre-
sent paper. Applying the state space theory of
general time varying linear hereditary systems
of Delfour and Mitter [7] -[9] we construct a
state space model for bilinear delay systems in
the space M™:
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with the inner product
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Elements in M2 will be written as h= (ho,hl)
where hO is the i component (i.e. h{0)) and
h' the functional component of h.

We consider first the simple system
dx(t) ’

m
T = (A t:% ui(t) Bi) x(t) + Cx(t +A*r) } "

x(9)=h(8), 7£0=0,

where x(t)eIRn. A, B, i=1l,...m, C, are con-
stant matrices of appropriate dimensions and
ui(t) are scalar functions of time which are mea-
shrable and bounded on finite intervals. From
[8] it follows that (1) has a unique solution

@ (t, s,h,u) in the space
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which is linear and continuous with respect to h.
Following [8] we let VCMZ.‘be the space

v (o), eMAnew (-1, 0B,

Then the state of (1) at time tz s, with initial
datum h and controls u, is defined by

~s ~0 ~
@ (t;s,h,u) = (t;s,h,u), @ (t;s,h, 1))

~0
@(t;s,h,u) = @(t;s,h,u) o
 p(t+8;s,h,u), t+82s (3)

~1 !
o(t;s, b, u) (6) = {hl(t+ 8-8) , otherwise

Ts68<o0.

The 1kz;l'ope:f:ti.es of@l(t;s,h, u) cah be found in de-
tail in [8]. In particular the map T (t, s;u) de-
fined by

%(t;s,h, u) =3 (t,s;u) h

2 2 .
is a continuous map M = M and defines an
evolution operator [8]. Let now
At) : VaME



be defined via
~ 0 m 0
[A(t)h] ={A+Z U, (t) B.]h™ + Ch(m
i=1 1 1 (4)
~ 1 dh
(A@wh] (@=35 (8, r<8<0.
Then [8], for every hin V the state '5 (t;s, h,u) is
the unique solution in

2 2 2
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of the state evolution equation

%—%—’- = Alt) z(t) ; a.e.in (8,9
(5)
z(s)=h .

To obtain from (5) an explicit bilinear operational
differential equation we introduce the linear
operators

%D (&) =va M5 (A =an’+ ch(n) }
~ 1 d
[ X0 o) = T8 a0, ] ®)

B, i=1,...m MZ-»M ,[B.h]O=B.ho
1 1 1 (7)

Then we have the following state space model for

(1) in M
} (8)

This state space model reveals clearly the effects
of bilinear control on the gvolution of the state of
the system. Recall that Aas defined in (6) gener-
ates a Cg-semigroup [9], and its domain is V.
Moreover its structure and the properties of the
semigroup it generates are known in detail [10]
[11]. On the other hand the operators B, are
compact (actually degenerate iz since they
have finite dimensional range. In view of the
bang-bang theorems of Baras and Hampton [5]
[6],we are interested in the evolution of (1) when
the controls are piecewise constant. Then we are
perturbing the infinitesimal generator of (8) by
compact operators, in a way that is clearly con-
trolled by the control functions u.. Since A has
only point spectrum and compactlperturbations
change eigenvalues only, it is clear that the
spectrum of the infinitesimal generator in (8) is
controlled by the controls. This reveals clearly
the way a system like (1) evolves in state space.

~ 1
[B,h]" =o.

dzlt) (X4 ¥ wt) B, 2(t)
~i=1 1 1

z(s)=h

It is easy to see that such an explicit opera-
tional differential equation cannot be obtained for
(1) if we work in the space of continuous functions
as state space. The results above are also valid
for various extensions:

1) if we have multiple delays in the state
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2) if we have more complicated hereditary
behavior i.e. terms of the form

0
" T (@x(t+o) ds
b

The picture becomes more complicated when
we add terms of the form:
1) delays in the controls, ..
2) products of controls and delayed states

Certain results from the theory of Lie semi-
groups of bounded operators are relevant for the
analysis of state space models like those de-
scribed in this paper. The details and the analy-
sis of more complicated models will be given in

[13}.
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