
1FEASIBLE SEQUENTIALQUADRATIC PROGRAMMINGFOR FINELY DISCRETIZEDPROBLEMS FROM SIPCraig T. Lawrence and Andr�e L. TitsDepartment of Electrical Engineeringand Institute for Systems ResearchUniversity of Maryland, College ParkCollege Park, Maryland 20742USAABSTRACTA Sequential Quadratic Programming algorithm designed to e�ciently solve nonlinearoptimization problems with many inequality constraints, e.g. problems arising from�nely discretized Semi-In�nite Programming, is described and analyzed. The keyfeatures of the algorithm are (i) that only a few of the constraints are used in the QPsub-problems at each iteration, and (ii) that every iterate satis�es all constraints.1 INTRODUCTIONConsider the Semi-In�nite Programming (SIP) problemminimize f(x)subject to �(x) � 0; (SI)where f : IRn ! IR is continuously di�erentiable, and � : IRn ! IR is de�nedby �(x) �= sup�2[0;1]�(x; �);with � : IRn � [0; 1] ! IR continuously di�erentiable in the �rst argument.For an excellent survey of the theory behind the problem (SI), in addition tosome algorithms and applications, see [9] as well as the other papers in thepresent volume. Many globally convergent algorithms designed to solve (SI)1



2 Chapter 1rely on approximating �(x) by using progressively �ner discretizations of [0; 1](see, e.g. [5, 7, 8, 16, 18, 19, 20, 23]). Speci�cally, such algorithms generate asequence of problems of the formminimize f(x)subject to �(x; �) � 0; 8� 2 �; (DSI)where � � [0; 1] is a (presumably large) �nite set. For example, given q 2 IN,one could use the uniform discretization� �= � 0; 1q ; : : : ; q � 1q ; 1 � :Clearly these algorithms are crucially dependent upon being able to e�cientlysolve problem (DSI).Of course, (DSI) involves only a �nite number of smooth constraints, thuscould be solved in principle via classical constrained optimization techniques.Note however that when j�j is large compared to the number of variables n, itis likely that only a small subset of the constraints are active at a solution. Ascheme which exploits this fact by cleverly using an appropriate small subset ofthe constraints at each step should, in most cases, enjoy substantial savings incomputational e�ort without sacri�cing global and local convergence properties.Early e�orts at employing such a scheme appear in [19, 16] in the contextof �rst order methods of feasible directions. In [19], at iteration k, a searchdirection is computed based on the method of Zoutendijk [28] using only thegradients of those constraints satisfying �(xk ; �) � ��, where � > 0 is small.Clearly, close to a solution, such \�-active" constraints are su�cient to ensureconvergence. However, if the discretization is very �ne, such an approach maystill produce sub-problems with an unduly large number of constraints. It wasshown in [16] that, by means of a scheme inspired by the bundle-type methodsof nondi�erentiable optimization (see, e.g. [11, 13]), the number of constraintsused in the sub-problems can be further reduced without jeopardizing globalconvergence. Speci�cally, in [16], the constraints to be used in the computationof the search direction dk+1 at iteration k+1 are chosen as follows. Let �k � �be the set of constraints used to compute the search direction dk, and let xk+1be the next iterate. Then �k+1 includes:All � 2 � such that �(xk+1; �) = 0 (i.e. the \active" constraints),All � 2 �k which a�ected the computation of the search direction dk, and



FSQP for Finely Discretized SIP 3A � 2 �, if it exists, which caused a step reduction in the line search atiteration k.While the former is obviously needed to ensure that dk is a feasible direction, itis argued in [16] that the latter two are necessary to avoid zig-zagging or otherjamming phenomena.The number of constraints required to compute the search direction is thustypically small compared to j�j, hence each iteration of such a method is com-putationally less costly. Unfortunately, for a �xed level of discretization, thealgorithms in [19, 16] converge at best at a linear rate.Sequential Quadratic Programming (SQP)-type algorithms exhibit fast localconvergence and are well-suited for problems in which the number of variablesis not too large but the evaluation of objective/constraint functions and theirgradients is costly. In such algorithms, quadratic programs (QPs) are usedas models to construct the search direction. For an excellent recent survey ofSQP algorithms, see [2]. A number of attempts at applying the SQP schemeto problems with a large number of constraints, e.g. our discretized problemfrom SIP, have been documented in the literature. In [1], Biggs treats all activeinequality constraints as equality constraints in the QP sub-problem, whileignoring all constraints which are not active. Polak and Tits [20], and Mine etal. [14], apply to the SQP framework an �-active scheme similar to that usedin [19]. Similar to the �-active idea, Powell proposes a \tolerant" algorithm forlinearly constrained problems in [22]. Finally, in [26], Schittkowski proposesanother modi�cation of the SQP scheme for problems with many constraints,but does not prove convergence. In practice, the algorithm in [26] may or maynot converge, dependent upon the heuristics applied to choose the constraintsfor the QP sub-problem.In this paper, the scheme introduced in [16] in the context of �rst-order feasibledirection methods is extended to the SQP framework, speci�cally, the FeasibleSQP (FSQP) framework introduced in [17] (the quali�er \feasible" signi�esthat all iterates xk satisfy the constraints, i.e. �(xk ; �) � 0; for all � 2 �). Ourpresentation and analysis signi�cantly borrow from [27], where an importantspecial case of (DSI) is considered, the unconstrained minimax problem.Let the feasible set be denotedX �= fx 2 IRn j �(x; �) � 0; 8� 2 � g:



4 Chapter 1For x 2 X , �̂ � �, and H 2 IRn�n with H = HT > 0, let d 0(x;H; �̂) be thecorresponding SQP direction, i.e. the unique solution of the QPminimize 12 hd 0; Hd 0i+ hrf(x); d 0isubject to �(x; �) + hrx�(x; �); d 0i � 0; 8� 2 �̂: QP 0(x;H; �̂)At iteration k, given an estimate xk 2 X of the solution, a constraint indexset �k � �, and a symmetric positive de�nite estimate Hk of the Hessian ofthe Lagrangian, �rst compute d 0k = d 0(xk ; Hk;�k). Note that d 0k may notbe a feasible search direction, as required in the FSQP context, but that atworst it is tangent to the feasible set. Since all iterates are to remain in thefeasible set, following [17], an essentially arbitrary feasible descent direction d1kis computed and the search direction is taken to be the convex combinationdk = (1 � �k)d 0k + �kd1k: The coe�cient �k = �(d 0k ) 2 [0; 1] goes to zero fastenough, as xk approaches a solution, to ensure the fast convergence rate ofthe standard SQP scheme is preserved. An Armijo-type line search is thenperformed along the direction dk, yielding a step-size tk 2 (0; 1]. The nextiterate is taken to be xk+1 = xk + tkdk. Finally, Hk is updated yielding Hk+1,and a new constraint index set �k+1 is constructed following the ideas of [16].As is pointed out in [27], the construction of [16] cannot be used meaningfullyin the SQP framework without modifying the update rule for the new metricHk+1. The reason is as follows. As noted above, following [16], if tk < 1, �k+1is to include, among others, the index �� 2 � of a constraint which was infeasiblefor the last trial point in the line search.1 The rationale for including �� in �k+1is that if �� had been in �k, then it is likely that the computed search directionwould have allowed a longer step. Such reasoning is clearly justi�ed in thecontext of �rst-order search directions as is used in [16], but it is not clear that�� is the right constraint to include under the new metric Hk+1. To overcomethis di�culty, it is proposed in [27] that Hk not be updated whenever tk < �,� a prescribed small positive number, and �� 62 �k . We will show in Section 3that, as is the case for the minimax algorithm of [27], for k large enough, �� willalways be in �k, thus normal updating will take place eventually, preservingthe local convergence rate properties of the SQP scheme.There is an important additional complication, with the update of �k, whichwas not present in the minimax case considered in [27]. As just pointed out,any � 2 �k which a�ected the search direction is to be included in �k+1. In[27] (unconstrained minimax problem) this is accomplished by including thoseobjectives whose multipliers are non-zero in the QP used to compute the search1Assuming that it was a constraint, and not the objective function, which caused a failurein the line search.



FSQP for Finely Discretized SIP 5direction (analogous to QP 0(xk ; Hk;�k) above), i.e. the \binding" objectives.In our case, in addition to the binding constraints from QP 0(xk ; Hk;�k), wemust also include those constraints which a�ect the computation of the feasibledescent direction d1k. If this is not done, convergence is not ensured and a \zig-zagging" phenomenon as discussed in [16] could result.As a �nal matter on the update rule for �k , following [27], we allow for addi-tional constraint indices to be added to the set �k . While not necessary forglobal convergence, cleverly choosing additional constraints can signi�cantlyimprove performance, especially in early iterations. In the context of discretizedSIP, exploiting the possible regularity properties of the SIP constraints withrespect to the independent parameter can give useful heuristics for choosingadditional constraints.In order to guarantee fast (superlinear) local convergence, it is necessary that,for k large enough, the line search always accept the step-size tk = 1. It iswell-known in the SQP context that the line search could truncate the step sizearbitrarily close to a solution (the so-called Maratos e�ect), thus preventingsuperlinear convergence. Various schemes have been devised to overcome sucha situation. We will argue that a second-order correction, as used in [17], willovercome the Maratos e�ect without sacri�cing global convergence.The balance of the paper is organized as follows. In Section 2 we introduce thealgorithm and present some preliminary material. Next, in Section 3, we givea complete convergence analysis of the algorithm proposed in Section 2. Thelocal convergence analysis assumes the just mentioned second-order correctionis used. To improve the continuity of the development, a few of the proofs aredeferred to an appendix. In Section 4, the algorithm is extended to handlethe constrained minimax case. Some implementation details, in addition tonumerical results, are provided in Section 5. Finally, in Section 6, we o�ersome concluding remarks.2 ALGORITHMWe begin by making a few assumptions that will be in force throughout. The�rst is a standard regularity assumption, while the second ensures that the setof active constraint gradients is always linearly independent.



6 Chapter 1Assumption 1: The functions f : IRn ! IR and �(�; �) : IRn ! IR, � 2 � arecontinuously di�erentiable.De�ne the set of active constraints for a point x 2 X as�act(x) �= f� 2 � j �(x; �) = 0g:Assumption 2: For all x 2 X with �act(x) 6= ;, the set frx�(x; �) j � 2�act(x)g is linearly independent.A point x� 2 IRn is called a Karush-Kuhn-Tucker (KKT) point for the problem(DSI) if there exist KKT multipliers ��� , � 2 �, satisfying8>>>><>>>>: rf(x�) +X�2����rx�(x�; �) = 0;�(x�; �) � 0; 8� 2 �;����(x�; �) = 0 and ��� � 0; 8� 2 �: (1.1)Under our assumptions, any local minimizer x� for (DSI) is a KKT point.Thus, (1.1) provides a set of �rst-order necessary conditions of optimality.Throughout our analysis, we will often make use of the KKT conditions forQP 0(x;H; �̂). Speci�cally, given x 2 X , H = HT > 0, and �̂ � �, d 0 is aKKT point for QP 0(x;H; �̂) if there exist multipliers �0� ; � 2 �̂, satisfying8>>>><>>>>: Hd 0 +rf(x) +X�2�̂�0�rx�(x; �) = 0;�(x; �) + hrx�(x; �); d 0i � 0; 8� 2 �̂;�0� ��(x; �) + hrx�(x; �); d 0i� = 0 and �0� � 0; 8� 2 �̂: (1.2)In fact, since the objective for QP 0(x;H; �̂) is strictly convex, such a d 0 is theunique KKT point, as well as the unique global minimizer (stated formally inLemma 1 below).As noted above, d 0 need not be a feasible direction. The search direction dwill be taken as a convex combination of d 0 and a �rst-order feasible descentdirection d1. For x 2 X and �̂ � �, we compute d1 = d1(x; �̂), and  = (x; �̂),



FSQP for Finely Discretized SIP 7as the solution of the QPminimize 12kd1k2 + subject to hrf(x); d1i � ;�(x; �) + hrx�(x; �); d1i � ; 8� 2 �̂: QP 1(x; �̂)The notation k � k will be used throughout to denote the standard Euclideannorm. The pair (d1; ) is a KKT point for QP 1(x; �̂) if there exist multipliers�1 and �1� , � 2 �̂, satisfying8>>>>>>>>>>><>>>>>>>>>>>:
� d11 �+ �1 � rf(x)�1 �+X�2�̂�1� � rx�(x; �)�1 � = 0;hrf(x); d1i � ;�(x; �) + hrx�(x; �); d1i � ; 8� 2 �̂;�1 �hrf(x); d1i � � = 0 and �1 � 0;�1� ��(x; �) + hrx�(x; �); d1i � � = 0 and �1� � 0; 8� 2 �̂: (1.3)

In Section 1 we stated that the feasible descent direction d1 was essentiallyarbitrary. In the subsequent analysis we assume that d1 is chosen speci�callyas the solution of QP 1(x; �̂), though it can be shown that the results still holdif some minor variation is used. To be precise, following [17], we require thatd1 = d1(x; �̂) satisfy:d1(x; �̂) = 0 if x is a KKT point,hrf(x); d1(x; �̂)i < 0 if x is not a KKT point,hrx�(x; �); d1(x; �̂)i < 0, for all � 2 �act if x is not a KKT point, andfor �̂ �xed, d1(x; �̂) is bounded over bounded subsets of X .It will be shown in Lemma 2 that the solution of QP 1(x; �̂) satis�es theserequirements. In our context, d1 must ful�ll one additional property, which isessentially captured by Lemma 7 in the appendix.Thus, at iteration k, the search direction dk is taken as a convex combination ofd 0k and d1k, i.e. dk = (1� �k)d 0k + �kd1k, �k 2 [0; 1]. In order to guarantee a fastlocal rate of convergence while providing a suitably feasible search direction, werequire the coe�cient of the convex combination �k = �(d0k) to satisfy certainproperties. Namely, �(�) : IRn ! [0; 1] must satisfy



8 Chapter 1�(d 0) is bounded away from zero outside every neighborhood of zero, and�(d 0) = O(kd 0k2):For example, we could take �(d 0) = minf1; kd 0k�g, where � � 2.It remains to explicitly specify the key feature of the proposed algorithm: theupdate rule for �k . As discussed above, following [16], �k+1 will include (inaddition to possible heuristics) three crucial components. The �rst one is theset �act(xk+1) of indices of active constraints at the new iterate. The secondcomponent of �k+1 is the set �bk � �k of indices of constraints that a�ecteddk. In particular, �bk will include all indices of constraints in QP 0(xk; Hk;�k)and QP 1(xk;�k) which have positive multipliers, i.e. the binding constraintsfor these QPs. Speci�cally, let �0k;� , and �1k;� , for � 2 �k, be the QP multipliersfrom QP 0(xk ; Hk;�k) and QP 1(xk;�k), respectively. De�ning�b;0k �= f � 2 �k j �0k;� > 0 g; �b;1k �= f � 2 �k j �1k;� > 0 g;we let �bk �= �b;0k [ �b;1k :Finally, the third component of �k+1 is the index �� of one constraint, if anyexists, that forced a reduction of the step in the previous line search. While theexact type of line search we employ is not critical to our analysis, we assumefrom this point onward that it is an Armijo-type search. That is, given constants� 2 (0; 1=2) and � 2 (0; 1), the step-size tk is taken as the �rst number t in theset f1; �; �2; : : :g such thatf(xk + tdk) � f(xk) + �thrf(xk); dki; (1.4)and �(xk + tdk; �) � 0; 8� 2 �: (1.5)Thus, tk < 1 implies that either (1.4) or (1.5) is violated at xk + tk� dk. In theevent that (1.5) is violated, there exists �� 2 � such that��xk + tk� dk; ��� > 0; (1.6)and in such a case we will include �� in �k+1.



FSQP for Finely Discretized SIP 9Algorithm FSQP-MCParameters. � 2 (0; 12 ), � 2 (0; 1), and 0 < � � 1.Data. x0 2 X , 0 < H0 = HT0 2 IRn�n.Step 0 - Initialization. Set k  0 and choose �0 � �act(x0):Step 1 - Computation of search direction.(i). Compute d 0k = d 0(xk; Hk;�k). If d 0k = 0, stop.(ii). Compute d1k = d1(xk ;�k).(iii). Compute �k = �(d 0k ) and set dk  (1� �k)d 0k + �kd1k.Step 2 - Line search. Compute tk, the �rst number t in the sequencef1; �; �2; : : :g satisfying (1.4) and (1.5).Step 3 - Updates.(i). Set xk+1  xk + tkdk.(ii). If tk < 1 and (1.5) was violated at xk + tk� dk, then let �� be suchthat (1.6) holds.(iii). Pick �k+1 � �act(xk+1) [ �bk:If tk < 1 and (1.6) holds for some �� 2 �, then set�k+1  �k+1 [ f��g:(iv). If tk � � and �� 62 �k, set Hk+1  Hk. Otherwise, obtain anew symmetric positive de�nite estimate Hk+1 to the Hessian of theLagrangian.(v). Set k  k + 1 and go back to Step 1.3 CONVERGENCE ANALYSISWhile there are some critical di�erences, the analysis in this section closelyparallels that of [27]. We begin by establishing that, under a few additionalassumptions, algorithm FSQP-MC generates a sequence which converges toa KKT point for (DSI). Then, upon strengthening our assumptions slightly,we show that the rate of convergence is two-step superlinear.



10 Chapter 13.1 Global ConvergenceThe following will be assumed to hold throughout our analysis.Assumption 3: The level set f x 2 IRn j f(x) � f(x0) g \X is compact.Assumption 4: There exist scalars 0 < �1 � �2 such that for all k,�1kdk2 � hd;Hkdi � �2kdk2; 8d 2 IRn:Given the scalars 0 < �1 � �2 from Assumption 4, de�neH �= fH = HT j �1kdk2 � hd;Hdi � �2kdk2; 8d 2 IRng:First, we derive some properties of d 0(x;H; �̂) and d1(x; �̂).Lemma 1 For all x 2 X, H 2 H, and �̂ � � such that �act(x) � �̂, thesearch direction d 0 = d 0(x;H; �̂) is well-de�ned, is continuous in x and H for�̂ �xed, and is the unique KKT point for QP 0(x;H; �̂). Furthermore, d 0 = 0if, and only if, x is a KKT point for the problem (DSI). If x is not a KKTpoint for this problem, then d 0 satis�eshrf(x); d 0i < 0; (1.7)hrx�(x; �); d 0i � 0; 8� 2 �act(x): (1.8)Proof: H > 0 implies that QP 0(x;H; �̂) is strictly convex. Further d 0 = 0is always feasible for the QP constraints. It follows that the solution d 0 iswell-de�ned and the unique KKT point for the QP. As the set H is uniformlypositive de�nite, continuity in x and H for �xed �̂ is a direct consequence ofTheorem 4.4 in [4]. Now suppose d 0 is 0 and let f �0� j � 2 �̂ g be the QPmultipliers. In view of the KKT conditions (1.2) for QP 0(x;H; �̂), since d 0 = 0and x 2 X , we see that x satis�es the KKT conditions (1.1) for (DSI) with�� = ( �0� ; � 2 �̂;0; � 62 �̂:The converse is proved similarly, appealing to the uniqueness of the KKT pointfor QP 0(x;H; �̂) and the fact that �act(x) � �̂. Finally, since �act(x) � �̂,(1.7) and (1.8) follow from Proposition 3.1 in [17]. 2



FSQP for Finely Discretized SIP 11Lemma 2 For all x 2 X, and �̂ � � such that �act(x) � �̂, the directiond1 = d1(x; �̂) is well-de�ned and the pair (d1; ), where  = (x; �̂), is theunique KKT point of QP 1(x; �̂). Furthermore, for given �̂, d1(x; �̂) is boundedover bounded subsets of X. In addition, d1 = 0 if, and only if, x is a KKTpoint for the problem (DSI). If x is not a KKT point for this problem, then d1satis�es hrf(x); d1i < 0; (1.9)hrx�(x; �); d1i < 0; 8� 2 �act(x); (1.10)and  satis�es  < 0.Proof: We begin by noting that (d1; ) solves QP 1(x; �̂) if, and only if, d1solvesminimize 12kd1k2 +max�hrf(x); d1i; max�2�̂ f�(x; �) + hrx�(x; �); d1ig� :(1.11)and  = max�hrf(x); d1i; max�2�̂ f�(x; �) + hrx�(x; �); d1ig� :Since the objective function in (1.11) is strictly convex and radially unbounded,it follows that QP 1(x; �̂) has (d1; ) = (d1(x; �̂); (x; �̂)) as its unique globalminimizer. Since QP 1(x; �̂) is convex, (d1; ) is also its unique KKT point.Boundedness of d1(x; �̂) over bounded subsets of X follows from the �rst equa-tion of the optimality conditions (1.3), noting that the QP multipliers mustall lie in [0; 1]. Now suppose d1 = 0. Since x 2 X , it is clear that  = 0.Substitute d1 = 0 and  = 0 into (1.3) and let �1 2 IR and �1 2 IRj�̂j be thecorresponding multipliers. Note that, in view of Assumption 2, �1 > 0. Sincex 2 X , it follows that x satis�es (1.1) with multipliers�� = ( �1�=�1; � 2 �̂;0; � 62 �̂:Therefore, x is a KKT point for (DSI). The converse is proved similarly,appealing to uniqueness of the KKT point for QP 1(x; �̂), and the fact that�act(x) � �̂. To prove (1.9) and (1.10) note that if x is not a KKT point for(DSI), then as just shown d1 6= 0, hence  < 0 (since d1 = 0 and  = 0 forma feasible pair, the optimal value of QP 1(xk ;�k) must be non-positive). Theresult then follows directly from the form of the QP constraints and the factthat �act(x) � �̂. 2Next, we establish that the line search is well-de�ned.



12 Chapter 1Lemma 3 For each k, the line search in Step 2 yields a step tk = �j for some�nite j = j(k).Proof: If xk is a KKT point, then Step 2 is not reached, hence assume xk isnot KKT. In view of Lemma 1 and the properties of �(�), d0k 6= 0 and �(d 0k ) > 0.Lemmas 1 and 2 imply, since �act(xk) � �k, thathrf(xk); dki < 0;hrx�(xk ; �); dki < 0; 8� 2 �act(xk):Further, feasibility of xk requires �(xk ; �) < 0 for all � 2 � n �act(xk). Theresult then follows by considering �rst order expansions of f(xk + tkdk) and�(xk+tkdk; �), � 2 �, about xk and by appealing to our regularity assumptions.2The previous three lemmas imply that the algorithm is well-de�ned. In addi-tion, Lemma 1 shows that if Algorithm FSQP-MC generates a �nite sequenceterminating at the point xN , then xN is a KKT point for the problem (DSI).We now concentrate on the case in which the algorithm never satis�es the ter-mination condition in Step 1(i) and generates an in�nite sequence fxkg. Givenan in�nite index set K, we use the notationxk k2K�! x�to mean xk ! x� as k !1; k 2 K:Lemma 4 Let K be an in�nite index set such that �k = �� for all k 2 K,xk k2K�! x�, Hk k2K�! H�, d0k k2K�! d 0;�, d1k k2K�! d1;�, and k k2K�! �. Then (i)d 0;� is the unique solution of QP 0(x�; H�;��), and (ii) (d1;�; �) is the uniquesolution of QP 1(x�;��).Proof: Part (i) follows from continuity of d 0(x;H; �̂) for �xed �̂ (Lemma 1).To prove part (ii), recall that in view of Lemma 2, (d1k ; k) is the unique KKTpoint for QP 1(xk;��), i.e. is the unique solution of (1.3) with correspondingmultipliers �1k � 0 and �1k;� � 0, � 2 ��. Note that the multipliers satisfy�1k + X�2�� �1k;� = 1;for all k, hence are bounded. Let K0 � K be an in�nite index set such that�1k k2K0�! �1;� and �1k;� k2K0�! �1;�� , � 2 ��. Taking limits in the optimality condi-tions (1.3) shows that (d1;�; �) is a KKT point forQP 1(x�;��) with multipliers�1;� and �1;�� , � 2 ��. Uniqueness of such points proves the result. 2



FSQP for Finely Discretized SIP 13The following lemma establishes a few basic properties of some of the sequencesgenerated by the algorithm.Lemma 5 (i) The sequences fxkg, fd0kg, and fdkg are bounded; (ii) ff(xk)gconverges; (iii) tkdk �! 0.Proof: In view of Assumption 3 and the fact that the line search guaranteesff(xk)g is a monotonically decreasing sequence, it follows that fxkg is bounded,and since f(�) is continuous, that ff(xk)g converges. Boundedness of fd0kgfollows from boundedness of fxkg, Assumption 4, continuity of d 0(x;H; �̂)for �xed �̂, and the fact that there are only �nitely many subsets �̂ of �.Boundedness of fd1kg follows from Lemma 2 and boundedness of fxkg. Since�k 2 [0; 1], fdkg is bounded as well. Finally, suppose ftkdkg 6! 0. Then thereexists an in�nite index set K � IN such that tkdk is bounded away from zero onK. Since all sequences of interest are bounded and � is �nite, we may supposewithout loss of generality that xk k2K�! x�, Hk k2K�! H�, d0k k2K�! d 0;�, d1k k2K�! d1;�,k k2K�! �, �k k2K�! ��, and �k = �� for all k 2 K. Lemma 4 tells us that d 0;�is the unique solution of QP 0(x�; H�;��) and (d1;�; �) is the unique solutionpair for QP 1(x�;��). Furthermore, since tkdk is bounded away from zero onK, there exists t > 0 such that tk � t for all k 2 K, and since ftkg is bounded(tk 2 [0; 1]), it follows that either d 0;� 6= 0 or d1;� 6= 0. Applying Lemmas 1and 2 in both directions shows that x� is not a KKT point for (DSI) and bothd 0;� 6= 0 and d1;� 6= 0. In addition, � < 0 and k < 0, for all k 2 K (fromLemma 2) and �k is bounded away from zero on K (from the assumptions on�(�) as given in Section 2 and the fact that d 0k is bounded away from zero onK). As a consequence, there exists � > 0 such that �k = �(d 0k ) � � for allk 2 K and there exists � < 0 such that k � � for all k 2 K. Now, sincehrf(xk); d1ki � k, for all k,tkhrf(xk); dki = tk(1� �k)hrf(xk); d 0k i+ tk�khrf(xk); d1ki� tk�kk � t�� < 0;for all k 2 K, where we have used (1.7). Thus, by the line search criterion ofStep 2, f(xk+1) � f(xk) + t��for all k 2 K. Since f(xk) is monotone non-increasing, it follows that ff(xk)gdiverges, which contradicts (ii). 2In order to establish convergence to a KKT point, it will be convenient toconsider the value functions for the search direction QPs, QP 0(x;H; �̂) and



14 Chapter 1QP 1(x; �̂). In particular, given the solutions d 0 = d 0(x;H; �̂) and (d1; ) =(d1(x; �̂); (x; �̂)), de�nev0(x;H; �̂) �= ��12 hd 0; Hd 0i+ hrf(x); d 0i� ;v1(x; �̂) �= ��12kd1k2 + ̂� :Further, let v(x;H; �̂) �= v0(x;H; �̂) + v1(x; �̂); and, at iteration k, de�nev0k = v0(xk ; Hk;�k), v1k = v1(xk;�k), and vk = v(xk; Hk;�k). Note that, since0 is always feasible for both QPs, v0k � 0 and v1k � 0, for all k.Lemma 6 Let K be an in�nite index set. Then (i) d0k k2K�! 0 if and only ifv0k k2K�! 0, (ii) (d1k ; k) k2K�! (0; 0) if and only if v1k k2K�! 0, and (iii) if d0k k2K�! 0,then all accumulation points of fxkgk2K are KKT points for (DSI).Proof: First, if d0k k2K�! 0 then it is clear from the de�nition of v0k thatv0k k2K�! 0. Next, from (1.2) and the last statement in Lemma 1, it followsthat hrf(xk); d0ki � �hd0k; Hkd0ki. Thus, using again the de�nition of v0k, weget v0k = � � 12 hd0k; Hkd0ki+ hrf(xk); d0ki�� � 12 hd0k; Hkd0ki+ hd0k; Hkd0ki � �12 kd0kk2 > 0;where we have used Assumption 4. Thus, if v0k k2K�! 0, then d0k k2K�! 0. If(d1k; k) k2K�! (0; 0), then from the de�nition of v1k we see that v1k k2K�! 0. Nowsuppose v1k k2K�! 0: To show d1k k2K�! 0, note that from the optimality conditions(1.3), kd1kk2 = ��1khrf(xk); d1ki � X�2�k �1k;�hrx�(xk ; �); d1ki= ��1kk � X�2�k �1k;�(k � �(xk ; �))= �k + X�2�k �1k;��(xk ; �) � �k:Thus, again using the de�nition of v1k,v1k = �12kd1kk2 � k � 12kd1kk2;



FSQP for Finely Discretized SIP 15and it immediately follows that d1k k2K�! 0 and k k2K�! 0. To prove (iii), supposeK is such that d0k k2K�! 0. Let x� be an accumulation point of fxkgk2K andlet K0 � K be an in�nite index set such that xk k2K0�! x� and, for some �̂,�k = �̂ � � for all k 2 K0. Let �0k 2 IRj�̂j be the multiplier vector fromQP 0(xk; Hk; �̂) and de�ne�0k �= f � 2 �̂ j �(xk ; �) + hrx�(xk ; �); d 0k i = 0 g:Suppose, without loss of generality, �0k = �̂0; for all k 2 K0. As d 0k k2K0�!0, it is clear that �̂0 � �act(x�) and, in view of Assumption 2, the setf rx�(xk ; �) j � 2 �̂0 g is linearly independent, for k large enough. Thus,from (1.2), a unique expression for the QP multipliers (for k large enough) isgiven by �0k = ��R̂(xk)T R̂(xk)��1 R̂(xk)T �Hkd 0k +rf(xk)� ;where R̂(xk) �= [ rx�(xk ; �) j � 2 �̂0 ] 2 IRn�j�̂0j. In view of Assumption 4,boundedness of fxkg, the regularity assumptions, and the fact that d 0k k2K0�! 0,we see that �0k k2K0�! �0;� = ��R̂(x�)T R̂(x�)��1 R̂(x�)Trf(x�):Taking limits in the optimality conditions (1.2) for QP 0(xk ; Hk; �̂) shows thatx� is a KKT point for (DSI) with multipliers��� = ( �0;�� � 2 �̂;0 � 62 �̂: 2We are now in a position to show that there exists an accumulation point offxkg which is a KKT point for (DSI). This result is, in fact, weaker thanthat obtained in [27] for the unconstrained minimax case, where under similarassumptions, but with a more involved argument, it is shown that all accumu-lation points are KKT. The price to be paid is the introduction of Assumption5 below for proving Theorem 1.The proof of the following result is inspired by that of Theorem T in [16].Proposition 1 lim infk vk = 0:



16 Chapter 1Corollary 1 There exists an accumulation point x� of fxkg which is a KKTpoint for (DSI).Proof: Since v0k � 0 and v1k � 0 for all k, Proposition 1 implies lim infk v0k = 0;i.e. there exists an in�nite index set K such that v0k k2K�! 0. In view of Lemma 6,all accumulation points of fxkgk2K are KKT points. Finally, boundedness offxkg implies at least one such point exists. 2De�ne the Lagrangian function for (DSI) asL(x; �) �= f(x) +X�2����(x; �):In order to show that the entire sequence converges to a KKT point x�, westrengthen our assumptions as follows.Assumption 10: The functions f : IRn ! IR and �(�; �) : IRn ! IR, � 2 � aretwice continuously di�erentiable.Assumption 5: Some accumulation point x� of fxkg which is a KKT pointfor (DSI) also satis�es the second order su�ciency conditions with strict com-plementary slackness, i.e. there exists �� 2 IRj�j satisfying (1.1) as well asr2xxL(x�; ��) is positive de�nite on the subspacefh j hrx�(x�; �); hi = 0; 8� 2 �act(x�)g;and ��� > 0 for all � 2 �act(x�).It is well-known that such an assumption implies that x� is an isolated KKTpoint for (DSI) as well as an isolated local minimizer. The following theoremis the main result of this section.Theorem 1 The sequence fxkg generated by algorithm FSQP-MC convergesto a strict local minimizer x� of (DSI).Proof: First we show that there exists a neighborhood of x� in which no otheraccumulation points of fxkg can exist, KKT points or not. As x� is a strictlocal minimizer, there exists � > 0 such that f(x) > f(x�) for all x 6= x�,x 2 S �= B(x�; �) \ X , where B(x�; �) is the open ball of radius � centered at



FSQP for Finely Discretized SIP 17x�. Proceeding by contradiction, suppose x0 2 B(x�; �), x0 6= x�, is anotheraccumulation point of fxkg. Feasibility of the iterates implies that x0 2 S.Thus f(x0) > f(x�), which is in contradiction with Lemma 5(ii). Next, in viewof Lemma 5(iii), (xk+1 � xk) �! 0. Suppose K is an in�nite index set suchthat xk k2K�! x�. Then there exists k1 such that kxk � x�k < �=4, for all k 2 K,k � k1. Further, there exists k2 such that kxk+1 � xkk < �=4, for all k > k2.Therefore, if there were another accumulation point outside of B(x�; �), thenthe sequence would have to pass through the compact set B(x�; �) nB(x�; �=4)in�nitely many times. This contradicts the established fact that there are noaccumulation points of fxkg, other than x�, in B(x�; �). 23.2 Local ConvergenceWe have thus shown that, with a likely dramatically reduced amount of workper iteration, global convergence can be preserved. This would be of littleinterest, though, if the speed of convergence were to su�er signi�cantly. In thissection we establish that, under a few additional assumptions, the sequencefxkg generated by a slightly modi�ed version of algorithm FSQP-MC (toavoid the Maratos e�ect) exhibits 2-step superlinear convergence. To do this,the bulk of our e�ort is focussed on showing that for k large the set of constraints�bk which a�ect the search direction is precisely the set of active constraints atthe solution, i.e. �act(x�). In addition, we show that, eventually, no constraintsoutside of �act(x�) a�ect the line search, and that Hk is updated normally atevery iteration. Thus, for k large enough, the algorithm behaves as if it weresolving the problemminimize f(x)subject to �(x; �) � 0; 8� 2 �act(x�); (P �)using all constraints at every iteration. Establishing this allows us to applyknown results concerning local convergence rates.The following is proved in the appendix.Proposition 2 For k large enough,(i) �b;0k = �b;1k = �act(x�), and(ii) �(xk + tdk; �) � 0 for all t 2 [0; 1], � 2 � n �act(x�).



18 Chapter 1In order to achieve superlinear convergence, it is crucial that a unit step, i.e.tk = 1, always be accepted for all k su�ciently large. Several techniques havebeen introduced to avoid the so-called Maratos e�ect. We chose to include asecond order correction such as that used in [17]. Speci�cally, at iteration k,let ~d(x; d;H; �̂) be the unique solution of the QP gQP (x; d;H; �̂), de�ned for� 2 (2; 3) as followsminimize 12 hd+ ~d;H(d+ ~d)i+ hrf(x); d + ~disubject to �(x + d; �) + hrx�(x; �); d + ~di � kdk� ; 8� 2 �̂;gQP (x; d;H; �̂)if it exists and has norm less that minfkdk; Cg, where C is a large number.Otherwise, set ~d(x; d;H; �̂) = 0. The following step is added to algorithmFSQP-MC: Step 1(iv). Compute ~dk = ~d(xk; dk; Hk;�k).In addition, the line search criterion (1.4) and (1.5) are replaced withf(xk + tdk + t2 ~dk) � f(xk) + �thrf(xk); dki; (1.12)and �(xk + tdk + t2 ~dk) � 0; 8� 2 �: (1.13)Finally, the condition (1.6) is replaced with� xk + tk� dk +� tk� �2 ~dk; ��! > 0: (1.14)With some e�ort, it can be shown that these modi�cations do not a�ect anyof the results obtained to this point. Further, for k su�ciently large, the setof binding constraints in gQP (xk; dk; Hk;�k) is again �act(x�). Hence, it isestablished that for k large enough, the modi�ed algorithmFSQP-MC behavesidentically to that given in [17], applied to (P �).Assumption 1 is now further strengthened and a new assumption concerningthe Hessian approximations Hk is given. These assumptions allow us to usethe local convergence rate result from [17].Assumption 100: The functions f : IRn ! IR, and �(�; �) : IRn ! IR, � 2 �,are three times continuously di�erentiable.Assumption 6: As a result of the update rule chosen for Step 3(iv), Hkapproaches the Hessian of the Lagrangian in the sense thatlimk!1 kPk(Hk �r2xxL(x�; ��))Pkdkkkdkk = 0;



FSQP for Finely Discretized SIP 19where �� is the KKT multiplier vector associated with x� andPk �= I �Rk(RTkRk)�1RTkwith Rk = [rx�(xk ; �) j � 2 �act(x�)].Theorem 2 For all k su�ciently large, the unit step tk = 1 is accepted in Step2. Further, the sequence fxkg converges to x� 2-step superlinearly, i.e.limk!1 kxk+2 � x�kkxk � x�k = 0:4 EXTENSION TO CONSTRAINEDMINIMAXThe algorithm we have discussed may be extended following the scheme of [27]to handle problems with many objective functions, i.e. large-scale constrainedminimax. Speci�cally, consider the problemminimize max!2
 f(x; !)subject to �(x; �) � 0; 8� 2 �;where 
 and � are �nite (again, presumably large) sets, and f : IRn �
! IRand � : IRn � � ! IR are both three times continuously di�erentiable withrespect to their �rst argument. Given 
̂ � 
, de�neF
̂(x) �= max!2
̂ f(x; !):Given a direction d 2 IRn, de�ne a �rst-order approximation of F
̂(x + d) �F
̂(x) by F 0̂
(x; d) �= max!2
̂ff(x+ d; !) + hrxf(x; !); dig � F
̂(x);and, �nally, given a direction ~d 2 IRn, let~F 0̂
(x; d; ~d) �= max!2
̂ff(x+ d; !) + hrxf(x; !); ~dig � F
̂(x+ d):



20 Chapter 1Let 
k be the set of objective functions used to compute the search directionat iteration k. The modi�ed QPs follow. To compute d 0(x;H; 
̂; �̂), we solveminimize 12 hd 0; Hd 0i+ F 0̂
(x; d 0)subject to �(x; �) + hrx�(x; �); d 0i � 0; 8� 2 �̂; QP 0(x;H; 
̂; �̂)and to compute d1(x; 
̂; �̂), we solveminimize 12kd1k2 + subject to F 0̂
(x; d1) � ;�(x; �) + hrx�(x; �); d1i � ; 8� 2 �̂: QP 1(x; 
̂; �̂)Finally, to compute ~d(x; d;H; 
̂; �̂), we solveminimize 12 hd+ ~d;H(d+ ~d)i+ ~F 0̂
(x; d; ~d)subject to �(x + d; �) + hrx�(x; �); d + ~di � kdk� ; 8� 2 �̂;gQP (x; d;H; 
̂; �̂)where again, if the QP has no solution or if the solution has norm greater thanminfkdk; Cg, we set ~d(x; d;H; 
̂; �̂) = 0.In order to describe the update rules for 
k, following [27], we de�ne a few indexsets for the objectives (in direct analogy with the index sets for the constraintsas introduced in Section 2). The set of indices of \maximizing" objectives isde�ned in the obvious manner as
max(x) �= f! 2 
 j f(x; !) = F
(x)g:At iteration k, let �0k;! , ! 2 
k, be the multipliers from QP 0(xk ; Hk;
k;�k)associated with the objective functions. Likewise, let �1k;! , ! 2 
k, be themultipliers from QP 1(xk;
k;�k) associated with the objective functions. Theset of indices of objective functions which a�ected the computation of the searchdirection dk is given by2
bk �= f! 2 
k j �0k;! > 0 or �1k;! > 0g:The line search criterion (1.12) is replaced withF
(xk + tdk + t2 ~dk) � F
(xk) + �tF 0
(xk; dk): (1.15)2QP 1(x; 
̂; �̂) is not needed in the unconstrained case. Accordingly, in [27], 
bk is de�nedbased on a single set of multipliers.



FSQP for Finely Discretized SIP 21If tk < 1 and the truncation is due to an objective function, then de�ne �! 2 
such thatf  xk + tk� dk +� tk� �2 ~dk; �!! > F
(xk) + �tk� F 0
(xk ; dk): (1.16)We are now in a position to state the extended algorithm.Algorithm FSQP-MOCParameters. � 2 (0; 12 ), � 2 (0; 1), and 0 < � � 1.Data. x0 2 IRn, 0 < H0 = HT0 2 IRn�n.Step 0 - Initialization. Set k  0. Choose 
0 � 
max(x0), �0 � �act(x0):Step 1 - Computation of search direction.(i). Compute d 0k = d 0(xk; Hk;
k;�k). If d 0k = 0, stop.(ii). Compute d1k = d1(xk ;
k;�k).(iii). Compute �k = �(d 0k ) and set dk  (1� �k)d 0k + �kd1k.(iv). Compute ~dk = ~d(xk ; dk; Hk;
k;�k).Step 2 - Line search. Compute tk, the �rst number t in the sequencef1; �; �2; : : :g satisfying (1.15) and (1.13).Step 3 - Updates.(i). Set xk+1  xk + tkdk + t2k ~dk.(ii). If tk < 1 and (1.15) was violated at �xk+1 = xk+ tk� dk+� tk� �2 ~dk;then let �! be such that (1.16) holds. If (1.13) was violated at �xk+1,then let �� be such that (1.14) holds.(iii). Pick 
k+1 � 
max(xk+1) [ 
bk; and�k+1 � �act(xk+1) [ �bk:If tk < 1 and (1.16) holds for some �! 2 
, then set 
k+1  
k+1 [f�!g: If tk < 1 and (1.14) holds for some �� 2 �, then set �k+1  �k+1 [ f��g:(iv). If tk � � and �! 62 
k or �� 62 �k set Hk+1  Hk. Otherwise,obtain a new symmetric positive de�nite estimateHk+1 to the Hessianof the Lagrangian.(v). Set k  k + 1 and go back to Step 1.



22 Chapter 15 IMPLEMENTATION AND NUMERICALRESULTSAlgorithm FSQP-MOC has been implemented as part of the code cfsqp3[12]. The numerical test results reported in this section were obtained with amodi�ed copy of cfsqp Version 2.4 (the relevant changes will be included insubsequent releases, beginning with Version 2.5). All test problems we considerhere are instances of (DSI). Thus in this section we only discuss implemen-tation details relevant to solving such problems, i.e. implementation details ofalgorithm FSQP-MC modi�ed to include the second order correction ~dk.4The implementation allows for multiple discretized SIP constraints and containsspecial provisions for those which are a�ne in x. Speci�cally, problem (DSI)is generalized tominimize f(x)subject to �j(x; �) �= hcj(�); xi � dj(�) � 0; 8� 2 �(j); j = 1; : : : ;m`;�j(x; �) � 0; 8� 2 �(j); j = m` + 1; : : : ;m;where cj : �(j)` �! IRn, j = 1; : : : ;m`, dj : �(j)` �! IR, j = 1; : : : ;m`,and �(j) is �nite, j = 1; : : : ;m. The assumptions and algorithm statementare generalized in the obvious manner. As far as the analysis of Section 3 isconcerned, such a formulation could readily be adapted to the format of (DSI)by grouping all constraints together, i.e. letting � = [mj=1�(j), and ignoring thefact that some may be a�ne in x.In the case that the initial point x0 provided is not feasible for the a�ne con-straints, cfsqp �rst computes v 2 IRn as the solution of the strictly convexQP minimize hv; visubject to hcj(�); x0 + vi � dj(�) � 0; 8� 2 �(j); j = 1; : : : ;m`;for v̂ such that x0 + v̂ is feasible for linear constraints. If the new initialpoint is not feasible for all nonlinear constraints, then cfsqp iterates, usingthe algorithm FSQP-MOC, on the constrained minimax problemminimize maxj=m`+1;:::;m max�2�(j) f�j(x; �)gsubject to hcj(�); xi � dj(�) � 0; 8� 2 �(j)` ; j = 1; : : : ;m`;3Available from the authors. See http://www.isr.umd.edu/Labs/CACSE/FSQP/fsqp.html4That is, we will not discuss the implementation details speci�c to the minimax algorithm,even though in the case that the initial guess is infeasible for nonlinear constraints, theminimax algorithm is used to generate a feasible point.



FSQP for Finely Discretized SIP 23until maxj=m`+1;:::;m max�2�(j)f�j(x; �)g � 0 is achieved. The �nal iterate will befeasible for all constraints, allowing the algorithm to be applied to the originalproblem.Recall that it is only required that �k contain certain subsets of �. The algo-rithm allows for additional elements of � to be included in order to speed upinitial convergence. Of course, there is a trade-o� between speeding up initialconvergence and increasing (i) the number of gradient evaluations and (ii) thesize of the QPs. In the implementation, heuristics are applied to add poten-tially useful elements to �k (see, e.g. [26] for a discussion of such heuristics).In the case of discretized SIP, one may wish to exploit the knowledge that adja-cent discretization points are likely to be closely related. Following [27, 16, 6],for some � > 0, the cfsqp implementation includes in �k the set �``m� (xk) of�-active \left local maximizers" at xk. At a point x 2 X , for j = 1; : : : ;m,de�ne the �-active discretization points as�(j)� (x) �= f� 2 �(j) j �j(x; �) � ��g:Such a discretization point �(j)i 2 �(j) = f�(j)1 ; : : : ; �(j)j�(j) jg is a left local maxi-mizer if it satis�es one of the following three conditions: (i) i 2 f2; : : : ; j�(j)j�1gand �j(x; �(j)i ) > �j(x; �(j)i�1) (1.17)and �j(x; �(j)i ) � �j(x; �(j)i+1); (1.18)(ii) i = 1 and (1.18); (iii) i = j�(j)j and (1.17). The set �``m� (x) is the set ofall left local maximizers in ��(x) = [mj=1�(j)� (x): The �rst part of the update(i.e. before updates due to line search violations) in Step 3(iii) of the algorithmbecomes �k+1 = �act(xk) [ �bk [ �``m� (xk):Finally, we have found that in practice, including the end-points (whether ornot they are close to being active) during the �rst iteration often leads to abetter initial search direction. Thus we set�0 = �act(x0) [ �``m� (x0) [0@ m[j=1(f�(j)1 g [ f�(j)j�(j)jg)1A :A few other speci�cs of the cfsqp implementation are as follows. First, aswas discussed in Section 2, it is not required to use QP 1(x; �̂) to compute our



24 Chapter 1feasible descent direction d1. In fact, at iteration k, cfsqp uses the followingQP, which is a function of the SQP direction d0k,minimize �2kd0k � d1k2 + subject to hrf(xk); d1i � ;�(xk ; �) + hrx�(xk ; �); d1i � ; 8� 2 �k;where � was set to 0:1 for our numerical tests. Using such an objective functionencourages d1k to be \close" to d 0k , a condition we have found to be bene�cialin practice. It can be veri�ed that the arguments given in Section 3 go throughwith little modi�cation if we disable the inclusion of d0k in the QP objectivefunction when the step size tk�1 from the previous iteration is less than a givensmall threshold.5 The expression used for �k is given by�k �= kd 0k k�kd 0k k� + �k ;where �k = maxf0:5; kd1kk�g, with � = 2:1 and � = 2:5 for our numericalexperiments. The matrices Hk are updated using the BFGS formula withPowell's modi�cation [21]. The multiplier estimates used for the updates arethose obtained from QP 0(xk ; Hk;�k), with all multipliers corresponding todiscretization points outside of �k set to zero. The QP sub-problems weresolved using the routine QLD due to Powell and Schittkowski [25]. Finally,the following parameter values were used for all numerical testing: � = 0:1,� = 0:5, � = 1, and � was set to the square root of the machine precision.In order to judge the e�ciency of algorithm FSQP-MOC, we ran the samenumerical tests with two other algorithms di�ering only in the manner in which�k is updated. The results are given in Tables 1 and 2. All test algorithms wereimplemented by making the appropriate modi�cations to cfsqp Version 2.4.In the tables, the implementation of FSQP-MOC just discussed is denotedNEW. A simple �-active strategy was employed in the algorithm we call �-ACT,i.e. we set �k = ��(xk) for all k, where � = 0:1. The standard FSQP schemeof [17] was applied in algorithm FULL by simply setting �k = �, for all k. Allthree algorithms were set to stop when kd0kk � 1� 10�4.We report the numerical results for 13 discretized SIP test problems with dis-cretization levels of 101 and 501. A uniform discretization was used in allcases. Problems cw 3, cw 5, and cw 6 are borrowed from [3]. Problems oet 1through oet 7 are from [15]. Finally, hz 1 is from [10] and sch 3 is from [26].In all cases except for oet 7, the initial guess x0 is the same as that given5In the numerical experiments reported here, tk remained bounded away from 0.



FSQP for Finely Discretized SIP 25in the reference from which the problem was taken. For oet 7, �-ACT andFULL had di�culty generating a feasible point, thus we used the feasible ini-tial guess x0 = (0; 0; 0;�7;�3;�1; 3). The �rst two columns of the tables areself-explanatory. A description of the remaining columns is as follows. Thethird column, n, indicates the number of variables, while m` and mn in thenext two columns indicate the number of linear SIP constraints and nonlin-ear SIP constraints (mn = m �m`), respectively. Next, NF is the number ofobjective function evaluations, NG is the number of \scalar" constraint func-tion evaluations (i.e. evaluation of some �j(x; �) for a given x and �), and ITindicates the number of iterations required before the stopping criterion wassatis�ed. Finally, P j�kj is the sum over all iterations of the size of �k (it isequal to the number of gradient evaluations in the case of NEW and FULL),j��j is the size of �k at the �nal iterate, and TIME is the time of execution inseconds on a Sun Sparc 4 workstation. For all test problems and for all threealgorithms, the value of the objective function at the �nal iterate agreed (towithin four signi�cant �gures) with the optimal value as given in the originalreferences.A few conclusions may be drawn from the results. In general, NEW requiresthe most iterations to \converge" to a solution, whereas FULL requires theleast. Typically, though, the di�erence is not large. Of course, such behavioris expected since NEW uses a simpler QP model at each iteration. It is clearfrom comparing the results forP j�kj that NEW provides signi�cant savings inthe number of gradient evaluations and the size of the QP sub-problems. Thesavings for �-ACT are not as dramatic. In almost all cases, comparing TIMEof execution con�rms that, indeed, NEW requires far less computational e�ortthan either of the other two approaches. Further, note that j��j remains, ingeneral, unchanged for NEW when the discretization level is increased and istypically equal to, or less than, n. This is not the case for �-ACT and FULL,as would be expected. Such behavior suggests that computational e�ort doesnot increase with respect to discretization level for NEW at the same rate asit does for �-ACT and FULL. This conclusion is supported by the increase inexecution TIME when discretization level increases.



26 Chapter 1
PROB ALGO n m` mn NF NG IT P j�kj j��j TIMEcw 3 NEW 3 0 1 10 1625 14 22 2 0.43�-ACT 14 2358 18 25 3 0.43FULL 20 1866 16 1616 101 0.86cw 5 NEW 3 1 0 13 13 38 3 0.20�-ACT 5 5 347 101 0.19FULL 4 4 404 101 0.53cw 6 NEW 2 0 1 14 1858 15 15 1 0.33�-ACT 15 1534 12 32 8 0.26FULL 14 1752 15 1515 101 0.71oet 1 NEW 3 2 0 12 12 57 4 0.32�-ACT 7 7 292 46 0.29FULL 6 6 1212 202 0.62oet 2 NEW 3 0 2 6 1283 6 26 3 0.27�-ACT 9 3132 9 412 111 0.49FULL 4 817 4 808 202 1.23oet 3 NEW 4 2 0 12 12 62 4 0.34�-ACT 8 8 759 202 0.40FULL 6 6 1212 202 0.60oet 4 NEW 4 0 2 19 5711 21 91 4 0.88�-ACT 14 5895 16 920 202 1.19FULL 12 3147 14 2828 202 2.19oet 5 NEW 5 0 2 23 8067 24 106 4 1.19�-ACT 31 10930 27 3839 202 4.27FULL 31 10777 29 5858 202 6.22oet 6 NEW 5 0 2 23 7099 21 111 6 1.18�-ACT 17 6236 18 2359 202 3.15FULL 15 4479 15 3030 202 3.46oet 7 NEW 7 0 2 48 11744 29 188 7 2.36�-ACT 647 61831 113 21552 202 50.44FULL 372 39721 77 15554 202 37.82hz 1 NEW 2 0 2 4 1206 6 8 1 0.23�-ACT 4 1206 6 68 31 0.24FULL 8 1887 10 2020 202 1.03sch 3 NEW 3 1 0 14 14 41 3 0.19�-ACT 5 5 347 101 0.20FULL 4 4 404 101 0.31Table 1 Numerical results for problems with j�(j)j = 101.
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PROB ALGO n m` mn NF NG IT P j�kj j��j TIMEcw 3 NEW 3 0 1 10 7972 14 22 2 1.08�-ACT 15 13599 19 86 12 1.37FULL 20 9216 16 8016 501 3.75cw 5 NEW 3 1 0 47 47 142 2 1.28�-ACT 6 6 2213 501 0.71FULL 5 5 2505 501 1.17cw 6 NEW 2 0 1 14 9012 15 15 1 0.88�-ACT 15 7509 12 144 40 0.79FULL 14 8585 15 7515 501 2.98oet 1 NEW 3 2 0 18 18 89 4 1.34�-ACT 8 8 1582 224 1.02FULL 6 6 6012 1002 2.58oet 2 NEW 3 0 2 6 6270 6 26 3 0.76�-ACT 9 15415 9 2010 557 1.83FULL 4 4017 4 4008 1002 2.67oet 3 NEW 4 2 0 15 15 86 4 1.21�-ACT 8 8 3734 1002 1.55FULL 6 6 12024 1002 2.62oet 4 NEW 4 0 2 19 26511 21 95 4 2.71�-ACT 14 29145 16 4508 1002 5.07FULL 12 15531 14 14028 1002 9.80oet 5 NEW 5 0 2 24 39314 23 102 4 3.91�-ACT 22 43177 24 15987 1002 16.9FULL 31 52255 29 29058 1002 28.4oet 6 NEW 5 0 2 23 35073 21 118 7 3.70�-ACT 19 33602 19 12688 1002 16.3FULL 15 22114 15 15030 1002 15.7oet 7 NEW 7 0 2 109 149623 73 483 9 17.8�-ACT 647 305237 113 106860 1002 250FULL 376 196081 77 77154 1002 172hz 1 NEW 2 0 2 4 5968 6 8 1 0.69�-ACT 4 5968 6 320 159 0.88FULL 10 11386 12 12024 1002 5.60sch 3 NEW 3 1 0 48 48 144 2 1.28�-ACT 7 7 2714 501 0.79FULL 6 6 3006 501 1.54Table 2 Numerical results for problems with j�(j)j = 501.
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FSQP for Finely Discretized SIP 31APPENDIX APROOFS
The following lemmas will be used in the proof of Proposition 1.Lemma 7 Given x 2 IRn and H > 0, suppose �0 � �00 � �: (i) If d 0(x;H;�0)is not feasible for QP 0(x;H;�00), then v0(x;H;�00) < v0(x;H;�0), and (ii) ifd1(x;�0) is not feasible for QP 1(x;�00), then v1(x;�00) < v1(x;�0).Proof: First d 0(x;H;�00) 6= d 0(x;H;�0), since by assumption d 0(x;H;�0) isnot feasible for QP 0(x;H;�00). On the other hand, since �0 � �00, d 0(x;H;�00)is feasible for QP 0(x;H;�0). Uniqueness of the solution of QP 0(x;H;�0) thenimplies the claim. Part (ii) is proved similarly. 2Lemma 8 Suppose K is an in�nite index set such thatxk k2K�! x�; Hk k2K�! H�; d0k k2K�! d 0;�; d1k k2K�! d1;�; k k2K�! �;where x� is not a KKT point for (DSI), and suppose �k = �̂ for all k 2 K.Then there exists t > 0 such that for all t 2 [0; t], �(xk + tdk; �) � 0, for all� 2 �̂, and for all k 2 K su�ciently large.Proof: By de�nition of d1k and k, for all k 2 K, �(xk ; �) + hrx�(xk ; �); d1ki �k, for all � 2 �̂. Since xk is not a KKT point, d1k 6= 0 and k < 0, for all k 2 K(Lemma 2). Further, in view of Lemma 4 (d1;�; �) solvesQP 1(x�; �̂), and sincex� is not a KKT point, d1;� 6= 0 and � < 0 (Lemma 2). Thus, there exists� < 0 (e.g. � = �=2) such that for all k 2 K, �(xk ; �) + hrx�(xk ; �); d1ki � �,for all � 2 �̂. It follows that there exists � > 0 and k such that for all k 2 K,k � k, hrx�(xk ; �); d1ki � ��; 8� 2 �̂ \ �act(x�)�(xk ; �) � ��; 8� 2 �̂ n (�̂ \ �act(x�)):Next, in view of Lemma 1, d0k 6= 0 and hrx�(xk ; �); d 0k i � 0, for all � 2 �act(xk),for all k 2 K. On the other hand, applying Lemma 4 allows us to conclude d 0;�solves QP (x�; H�; �̂). Hence, from Lemma 6, since x� is not a KKT point for



32 Chapter 1(DSI), d 0;� 6= 0. Since �(�) is assumed to be bounded away from zero outsideevery neighborhood of zero, there exists � > 0 such that �k = �(d 0k ) � �, forall k 2 K. It follows thathrx�(xk ; �); dki = (1� �k)hrx�(xk ; �); d 0k i+ �khrx�(xk ; �); d1ki� ���; 8� 2 �̂ \ �act(x�);for all k 2 K, k � k. Now let Q �= fxkj k 2 Kg [ fx�g, D �= fdkj k 2 Kg[ fd�gand de�neM(t; �) �= maxx2Q maxd2D max�2[0;1] krx�(x+ t�d; �) �rx�(x; �)k � kdk;which is well-de�ned and continuous in t for all � 2 �̂, since Q and D arecompact. Now for all k 2 K, � 2 �̂ we have�(xk + tdk ; �)� �(xk ; �)= Z 10 hrx�(xk + t�dk; �); dkid�= t�Z 10 hrx�(xk + t�dk; �)�rx�(xk ; �); dkid� + hrx�(xk ; �); dki�� t( sup�2[0;1] krx�(xk + t�dk; �)�rx�(xk ; �)k � kdkk+ hrx�(xk ; �); dki)� t fM(t; �) + hrx�(xk ; �); dkig : (A.1)Further note that M(0; �) = 0, for all � 2 �̂. For � 2 �̂ \ �act(x�), de�ne t�such that M(t; �) < �� for all t 2 [0; t�]. For all � 2 �̂ n (�̂ \ �act(x�)), ourregularity assumptions and boundedness of fxkg and fdkg imply there existM1;� > 0 and M2;� > 0 such thatjhrx�(xk ; �); dkij �M1;�; 8k; and maxt2[0;1] jM(t; �)j �M2;�:For such �, de�ne t� = �=(M1;�+M2;�). Then tfM(t; �)+hrx�(xk ; �); dkig � �;for all t 2 [0; t�], � 2 �̂ n (�̂\�act(x�)). Finally, set t = max�2�̂ t�. From (A.1)it is easily veri�ed that t is as claimed. 2Proof of Proposition 1. We argue by contradiction. Suppose thatv� �= lim infk vk > 0: (A.2)



FSQP for Finely Discretized SIP 33As all sequences of interest are bounded, there exists an in�nite index set Ksuch that vk k2K�! v�; xk k2K�! x�; Hk k2K�! H�; �k k2K�! ��;d0k k2K�! d 0;�; d0k+1 k2K�! d 0;�+ ; d1k k2K�! d1;�; d1k+1 k2K�! d1;�+ ;v0k k2K�! v0;�; v0k+1 k2K�! v0;�+ ; v1k k2K�! v1;�; v1k+1 k2K�! v1;�+ ;k k2K�! �; k+1 k2K�! �+:Further, since the number of possible subsets of � is �nite, we may assume thaton K, the sets �b;0k and �b;1k are constant and equal to �̂b;0 and �̂b;1, respectively.Thus, for all k, d0k solves QP 0(xk ; Hk; �̂b;0) and d1k solves QP 1(xk ; �̂b;1). Notethat in view of the de�nition of �b;0k and �b;1k , the sequences constructed bythe algorithm are identical to those that would have been constructed with�0 �= �̂b;0 [ �̂b;1 substituted for �k for all k. Without loss of generality we thusassume that �k = �0, for all k. Finally, de�ne d� = (1� ��)d 0;� + ��d1;�.In view of Lemma 4, d 0;� and d1;� are the unique solutions of QP 0(x�; H�;�0)and QP 1(x�;�0). Now, of course, x� is not a KKT point for (DSI), oth-erwise, in view of Lemmas 1 and 2, d 0;� = d1;� = 0, which would implyv� = v0;� + v1;� = 0, contradicting (A.2). Hence, d 0;� 6= 0 and d1;� 6= 0,and both are directions of descent for f(�) at x�. This further implies d� 6= 0and hrf(x�); d�i < 0. Therefore, applying Lemma 5(iii), we conclude thattk k2K�! 0. Without loss of generality, assume that tk < minf�; tg, for all k 2 K,where t is as given by Lemma 8 and � > 0 is as in the algorithm. The factthat tk < � < 1 implies that for all k 2 K the line search criterion of Step 2is not satis�ed at �xk+1 = xk + tk� dk. Since � < 1 (indeed, � < 1=2) using astandard argument it follows that (1.4) is violated at �xk+1 only �nitely manytimes. Thus, without loss of generality, assume (1.6) holds for all k 2 K, i.e.�(�xk+1; ��) > 0; 8k 2 K:Further, we have assumed (since there are only a �nite number of constraints)that the violation is caused by the same constraint, with index ��, for all k 2 K.In view of Lemma 8, we may conclude that �� 62 �0. Thus, according to Step3(iv), Hk+1 = Hk, for all k 2 K.Since, for all k 2 K, Hk+1 = Hk and �k = �0 = �b;0k [ �b;1k ; the directionsd 0k+1 and d1k+1 solve QP 0(xk+1; Hk;�k+1) and QP 1(xk+1;�k+1), for all k 2 K,where, for some �00, �k+1 = �00 � �0 [ f��g:



34 Chapter 1Without loss of generality, since the number of constraints is �nite, we mayassume that the set of indices in �k+1 and not in �0 [ f��g is constant for allk 2 K. Further, in view of Lemma 5(iii), xk+1 k2K�! x�. It follows that, in view ofLemma 4, the limits d 0;�+ and d1;�+ are the unique solutions of QP 0(x�; H�;�00)and QP 1(x�;�00). Since, �(�xk+1; ��) > 0 and �(xk+1; ��) � 0, for all k 2 K,and since Lemma 5(iii) also implies �xk+1 k2K�! x�, we see that �(x�; ��) = 0.By considering a �rst-order expansion of �(�xk+1; ��) � �(xk+1; ��), and takinglimits, we see that hrx�(x�; ��); d�i � 0. Note that since d 0;� 6= 0 and d 0k 6= 0,for all k 2 K, d 0k is bounded away from zero. By our assumptions on �(�),�k is thus bounded away from zero and �� > 0. This implies that eitherhrx�(x�; ��); d1;�i � 0, or hrx�(x�; ��); d 0;�i > 0. If the �rst inequality holds,then (d1;�; �) is infeasible for QP 1(x�;�00) (recall that �(x�; ��) = 0 and, fromLemmas 4 and 2, � < 0) and, in view of Lemma 7, v1;�+ < v1;�. Similarly,if the second inequality holds, then d 0;� is infeasible for QP 0(x�; H�;�00), andv0;�+ < v0;�. In view of (A.2), in both cases we have a contradiction. 2The following sequence of Lemmas will be used in the proof of Proposition 2.Lemma 9 There exists an in�nite index set K such that, for all k 2 K, (i)�act(x�) � �b;0k , and (ii) �act(x�) � �b;1k .Proof: In view of Proposition 1, since for all k v0k � 0 and v1k � 0, there existsan in�nite index set K such that both v0k k2K�! 0 and v1k k2K�! 0. By Lemma 6,d0k k2K�! 0 and d1k k2K�! 0. To prove (i), let �0k;� , � 2 �k, be the multipliers fromQP 0(xk; Hk;�k) and let �0k;� = 0, for all � 62 �k. Assume, without loss ofgenerality, that �b;0k = �̂0 for all k 2 K and Hk k2K�! H�. Since H is compact,and in view of Assumptions 2 and 5, we may apply Theorem 2.1 of [24] toshow that �0k;� k2K�! �0;�� , � 2 �, the KKT multipliers for QP 0(x�; H�; �̂0). Notethat the KKT conditions (1.2) for QP 0(x�; H�; �̂0) are equivalent to the KKTconditions (1.1) for (DSI) at x� with multipliers �0;�� , � 2 �. Uniqueness of themultipliers at x� (Assumption 2) and strict complementarity imply �0;�� > 0 if� 2 �act(x�). Therefore, �act(x�) � �̂b;0, which means �act(x�) � �b;0k , for allk 2 K. Part (ii) is proved similarly. 2Lemma 10 Given � > 0, there exists � > 0 such that for every x 2 X satisfyingkx� x�k < �, every H 2 H, and every �̂ � � with �act(x�) � �̂,(i) all � 2 �act(x�) are binding for QP 0(x;H; �̂) and kd 0(x;H; �̂)k < �, and(ii) all � 2 �act(x�) are binding for QP 1(x; �̂) and kd1(x; �̂)k < �.



FSQP for Finely Discretized SIP 35Proof: Given H 2 H and �̂ � � such that �act(x�) � �̂, Lemmas 1 and 2imply that d 0(x�; H; �̂) = d1(x�; �̂) = 0. Since H is compact, Assumptions 2and 5 allow us to apply Theorem 2.1 of [24] to conclude that, given � > 0, thereexists ��̂ > 0 such that for all x satisfying kx�x�k < ��̂ and all H 2 H, the QPmultipliers from QP 0(x;H; �̂) and QP 1(x; �̂) are positive for all � 2 �act(x�),kd 0(x;H; �̂)k < �, and kd1(x; �̂)k < �. As � is a �nite set, � may be chosenindependently of �̂. 2Lemma 11 For k su�ciently large �act(x�) � �b;0k and �act(x�) � �b;1k .Proof: For an arbitrary � > 0, let � > 0 be as given by Lemma 10. Inview of Theorem 1, there exists k such that kx � x�k < � for all k � k. ByLemma 9, there exists an in�nite index set K such that �act(x�) � �b;0k , and�act(x�) � �b;1k , for all k 2 K. Choose k0 � k, k0 2 K. It follows that�act(x�) � �k0+1. The result follows by induction and Lemma 10. 2Lemma 12 d0k �! 0 and d1k �! 0.Proof: Follows immediately from Lemma 11, Step 3(iii) of algorithm FSQP-MC, Assumption 4, and Lemma 10. 2Proof of Proposition 2. For (i), in view of Lemma 11, it su�ces to showthat, for k su�ciently large, �b;0k � �act(x�) and �b;1k � �act(x�). Suppose�̂ 2 � n �act(x�), i.e. �(x�; �̂) < 0. Since xk �! x�, by continuity we have�(xk ; �̂) < 0 for all k su�ciently large. In view of Lemma 12, for k su�cientlylarge we have �(xk ; �̂) + hrx�(xk ; �̂); d 0k i < 0:Therefore, �0k;�̂ = 0 (hence �̂ 62 �b;0k ) for all k su�ciently large. The argumentis identical for �b;1k . Part (ii) follows from Theorem 1, Lemma 12, and ourregularity assumptions. 2


