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Theorem 1: Let the following parameters be given: the variance of the
process noise o3, the system’s dynamic constant «, the communication cost C,
and the discount factor 5. There exist a positive real constant v, such that P,

and &) are an optimal solution to 17131%1 J3 (a, a%v, C,P, 8), where 7 = {73 }7_,

is a sequence of positive real numbers such that 7, = v for all positive integers k.

T
jT,B (Oz,O’%;V, C,P,g) — ZﬁkE {(Xk — )A(k;)2 + C’rk}
k=0

Jr.3 (a, 012,[/, C’) — 17]91? Jr.3 (oz,a%v, C,P,é’)

Theorem 2: Let the following parameters parameters be given: the variance
of the process noise J%V, the system’s dynamic constant «, the communication
cost C, the discount factor 8 and the time horizon 7T'. There exists a sequence
of positive real numbers 7 = {Tk}fzo, such that P,y and £ are an optimal

solution to min a,0%,C,P,E).
7),8 jT’B ( W )

Remark: The optimal cost Jr g (a, Ko C) does not depend on the initial
condition xg.

Remark: For a given pre-processor policy P, the estimtor which minimizes
the cost Jr g (a, oo C) is the conditional expectation of the state xj given the
entire past, i.e. the estimator which computes T = F [xy|vs, 1 <t < K.

Optimal Distributed State Estimation with Communication
Cost: A Majorization Theory Approach

Gabriel M. Lipsa and Nuno C. Martins

Majorization Theory:

The symmetric nonincreasing rearrangement of the function f is given by:

f0<35) — fooo z.(zeR”:f(z)>p)" (x)dp

A A

f e

f-git fllwllép fo(x)dz > f||x||§p 9% (z)dz, for all p > 0

fl2) . ecK
fx(z) = fK f(z)dz’
0,z ¢ K

A nonnegative function f : R® — R, is symmetric and nonincreasing if
it can be expressed via a nonincreasing function g : Ry — R, such that

() = g(ll=[]).

Lemma: Let f,g : R — R be two probability distribution functions, such
that f is symmetric and nonincreasing and f > g. Let x be a real number in
the interval k € (0,1). Let K = [—7,7] be the symmetric interval, such that
[*_f(z)dz =1 — k. For any function X : R — [0, 1] satisfying [ g(z)\(z)dz =
1 — &, the following holds:

‘A
fx = 55

Lemma [Hajek]|: Let f and g be two probability distribution functions
on R", with f is symmetric and nonincreasing and f > ¢g. For a symmetric
nonincreasing probability distribution function b the following holds:

fxb>gxb

Lemma: Let f be a neat and even probability distribution function on the
real line. Let i, be a probability distribution function on the real line, such that
p < f. If we define &, = [, zp(x)dz, then the following holds:

Ja #*f(z)de < [q(z— &,)°p(x)de

Preliminary notations:
wr = f(xr|ve =0,1 <t <k, x)

e =P vy =0,1 <t <k, xg)
Vek—1 =P (vp = 0lvy = 0,1 <t <k —1,z0)
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Proof of Theorem 2:

Theorem 2 can be proved using an induction argument. Choose an arbitrary
pre-processor policy P, this policy will define Wy, vy x—1 and ~y, for all k €

,...,T}

Let {Tk}le be a sequence of positive real numbers. We define the policy
Pe as it follows:

o if vi=0forallte{1,...,k—1}, let vy = 0 if x;, € [~74, 71|, otherwise
let v = xi;

e after a perfect sample was sent, adopt the optimal threshold policy for the
remaining time.

The policy P° will define wY, Vepe—1 and vg for all k € {1,...,T}. Choose
the thresholds 74 such that ;1 = Vijk—1 for all £ € {1,...,T}. It can be

shown that w? = wy, for all k € {1,...,T}, and moreover wj is symmetric and
nonincreasing.

The cost obtained by adopting the policy P can be lower bounded as follows:

jT,ﬂ (Q,JI%[/, C,P,g (P)) Z Zg:l (Ewk, |:(Xk — j:k)2:| Yk
+(C+ Ir—kp (,08,C)) (1 = Yjp—1)10-1)

The cost obtained by adopting the policy P° is given by:

Tr.p (08, O P2 € (P2)) = Ty (Bay |0 — 20)°|
+(C+ TIr—kp (2,05, C)) (1 = Yjp—1)T0-1)

It follows then that:

JIr.g (a,0%,C,P,E(P)) > TIr,s (a,0%,C,P°E (P?))

Proof of Theorem 1:

Let the time horizon 1" go to infinity and the results follow.

Conclusions:

We have shown that for the given problem, the decision to send or not to send
a sample of the underlying stochastic process depends only on the estimation
error and that there exists an optimal threshold policy.
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