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Measure uandy, nd G and f!
OE Method: Min the distance between y(t) and $oe(tj ; ) = f(G(g; )u(t); )

Note w!
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Try the Output Error method:

Xo(t) + arxo(t 1)+ agxo(t 2)=u(t)+ bu(t 1)+ bu(t 2)
X(tg = Xo(t) + w(t)

<C forx(t) ¢
f x(t) =c x(t) forco<x(t) e
g ) for c, < x (t)

y(t) =1 x(t) + &t
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The Result

m = nlhw(data,[2 2 1],[],saturation), plot(m)

Saturation estimated with the approximative PEM
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Process Noise 5

The output error method:

argminW (; )= y(t) f G(q; )u(t);
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Process Noise 5

The output error method:
argminW (; ) = y(t)  G(q; )u(t);

Check process noise in uence:

y(t) =t G(a; o)u(t) + w(t); o + et)
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Process Noise 5

The output error method:

argminW (; )= y(t) f G(q; )u(t);

Check process noise in uence:

y(t) =t G(a; o)u(t) + w(t); o + et)

or
y(t) = £ G(a; o)u(t); o + w(t)+ et)

where
w(t) = f G(qg; o)u(t)+ w(t); o T G(q; o)u(t); o

w(t) is a (input-dependent) transformation of the process noise.
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Recall:

Lw(t) Le(t)
Xo(t) [©  x(1) ©oy(t)

= JER i —

G(q; )
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Maximum Likelihood?

Regard the unknown input x to the nonlinearity as a “nuisance parameter”.
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Maximum Likelihood? 7

Regard the unknown input x to the nonlinearity as a “nuisance parameter”.
Given x the PDF of y is easy if e is white noise:

py(Yix)=pey f(x )
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Maximum Likelihood? 7

Regard the unknown input x to the nonlinearity as a “nuisance parameter”.
Given x the PDF of y is easy if e is white noise:

p(yix)=pey f(x )
Also, If w is white, the PDF of x given u is simple:

X(t) = G(q; )u(t) + w(t) = Xo(t; )+ w(t)
pc(Xju™; )= pw X Xo( ) =pw X G(g; )u(t)
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Maximum Likelihood? 7

Regard the unknown input x to the nonlinearity as a “nuisance parameter”.
Given x the PDF of y is easy if e is white noise:

p(yix)=pey f(x )
Also, If w is white, the PDF of x given u is simple:

X(t) = G(q; )u(t) + w(t) = Xo(t; )+ w(t)
pc(Xju™; )= pw X Xo( ) =pw X G(g; )u(t)

So this gives the joint PDF for x and .
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The ML criterion 8

So, integrate out the nuisance parameter X:

Z
py(’ ’ZN): ZRpXQY(X’yji ’UN)dX:
ZX
= 2Rloij(yj; X uM)pe(xj; s uN)dx =
ZX

= 2R|0ey f(X ) pw X G(q; )u(t) dx
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Gausslian Case 9

Negative LogLikelihood function:

L(;s wi o)y logpy(i: wi eZV) |

N X R
= Nlog@2 )+ —log( w o) log e 2B gy
- t=1 -
where
1 2 1 2
E(t,; )= — y(t) f x(t); + — x(t)  G(g; )u(t)
e w

ML-estimate: N integrals to evaluate, but otherwise straight-forward.
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Back to Example

Saturation estimated with the ML method
0.3 T T T T T T T

0.2

o
[HEN
T
Il

_0.5 Il Il Il Il
-05 -04 -03 -02 -01 0 0.1 0.2 0.3

X(t)
Linear system also well estimated.
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Colored Noise

n The case where the process noise is colored is very natural, and
corresponds to noise entering at different points in the process.
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Colored Noise

n The case where the process noise is colored is very natural, and
corresponds to noise entering at different points in the process.

n  An ML criterion can be derived in quite similar fashion, but it will be truly
multidimensional.(Nuisance parameter xN enter all integrals)
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Colored Noise

n The case where the process noise is colored is very natural, and
corresponds to noise entering at different points in the process.

n An ML criterion can be derived in quite similar fashion, but it will be truly
multidimensional.(Nuisance parameter xN enter all integrals)

n Itis an important challenge to nd methods (stochastic samp ling,
particle Iters) to evaluate this ML criterion ef ciently.
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Colored Noise

n The case where the process noise is colored is very natural, and
corresponds to noise entering at different points in the process.

n An ML criterion can be derived in quite similar fashion, but it will be truly
multidimensional.(Nuisance parameter xN enter all integrals)

n Itis an important challenge to nd methods (stochastic samp ling,
particle Iters) to evaluate this ML criterion ef ciently.

n What if we ignore the color and just run the white-noises algorithm?
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Colored Noise

n The case where the process noise is colored is very natural, and
corresponds to noise entering at different points in the process.

n An ML criterion can be derived in quite similar fashion, but it will be truly
multidimensional.(Nuisance parameter xN enter all integrals)

n Itis an important challenge to nd methods (stochastic samp ling,
particle Iters) to evaluate this ML criterion ef ciently.

n What if we ignore the color and just run the white-noises algorithm?
n Try it!
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Example with Colored Noise

Parameters True OEM ML

a 0.3000 0.2873 0.1181 0.2980 0.1000
a -0.3000 -0.2852 0.1224 -0.2980 0.1058
by -0.3000 -0.3005 0.0886 -0.3009 0.0752
b, 0.3000 0.3046 0.0672 0.3025 0.0560
Cy -0.4000 -0.3686 0.0198 -0.4011 0.0191
C 0.2000 0.1712 0.0171 0.2011 0.0166

W 0.1765 n.e. 0.1724 0.0540

e 0.1000 n.e. 0.0995 0.0057

Table 1: Parameter estimates with standard deviations
for Example 1 with colored noise, using Output Error
Method and ML.
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Conclusions

n  Common, traditional approaches ignore process noise.
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Conclusions

n  Common, traditional approaches ignore process noise.
n Process noise typically leads to bias, if ignored.
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Conclusions

n  Common, traditional approaches ignore process noise.
n Process noise typically leads to bias, if ignored.

n A true ML method can be derived, that involves integration over the
unobserved variable x.
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Conclusions

n  Common, traditional approaches ignore process noise.
n Process noise typically leads to bias, if ignored.

n A true ML method can be derived, that involves integration over the
unobserved variable x.

n Despite its formal complexity it can be implemented quite ef ciently.
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Conclusions

n  Common, traditional approaches ignore process noise.
n Process noise typically leads to bias, if ignored.

n A true ML method can be derived, that involves integration over the
unobserved variable x.

n Despite its formal complexity it can be implemented quite ef ciently.

n The cases with colored noises have considerably more complicated
likelihood functions.
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Conclusions

n  Common, traditional approaches ignore process noise.

n Process noise typically leads to bias, if ignored.

n A true ML method can be derived, that involves integration over the
unobserved variable x.

n Despite its formal complexity it can be implemented quite ef ciently.

n The cases with colored noises have considerably more complicated

likelihood functions.

n The ML method under white noise assumptions appears to give
unbiased estimates even under colored noises.
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Conclusions

n  Common, traditional approaches ignore process noise.

n Process noise typically leads to bias, if ignored.

n A true ML method can be derived, that involves integration over the
unobserved variable x.

n Despite its formal complexity it can be implemented quite ef ciently.

n The cases with colored noises have considerably more complicated
likelihood functions.

n The ML method under white noise assumptions appears to give
unbiased estimates even under colored noises.

n A challenge to analyze consistency of that approach!
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