On Approximate Inversion and Feedback Stabilization for Systems on Matrix Lie Groups

Herbert Struemper, P. S. Krishnaprasad Department of Electrical Engineering and Institute for Systems Research University of Maryland, College Park, MD 20742 fherb,krishnag@isr.umd.edu

Abstract

This paper studies open-loop tracking and feedback stabilization for nonholonomic systems. Using the concept of approximate inversion, results for drift-free, leftinvariant systems on specific matrix Lie groups are presented.

1. Introduction

Invariant systems on matrix Lie groups arise in problems as diverse as motion control for autonomous underwater vehicles and satellites [8], power conversion with switching circuits [16] and coherent control of molecular dynamics [6]. We consider the drift-free, controllable setting, with fewer controls than the dimension of the group (state space). This leads to an important sub-class of nonholonomic systems on Lie groups.

In contrast with linear systems where the controllability Gramian can directly be used to construct stabilizing or tracking controls, no methods exist to date for extracting such controls for general nonlinear systems from the controllability Lie algebra. Some progress has been made in this direction for drift-free affine systems [4, 10] using oscillatory controls which systematically “excite” higher order brackets of the system to steer the system in the desired direction. Leonard and Krishnaprasad considered the problem in a Lie group setting and, applying averaging theory, obtained in [8] results on approximate point-to-point constructive controls for left-invariant systems on arbitrary finite-dimensional Lie groups. Sussmann and Liu gave a very general result for path constructive controllability of drift-free, nilpotent systems on ℜ^n [14]. Parallel to these developments in motion planning, Coron [5] showed the existence of time-varying stabilizing controls for a general class of drift-free nonlinear systems while Pomet presented in [11] a method to explicitly construct these control laws for a more restrictive class of systems.

Brockett, achieved in [2, 3] an appealing synthesis of the problems of open-loop tracking and feedback stabilization via the concept of approximate inversion of a system as captured in a simple, three dimensional nilpotent system. Here we investigate Brockett’s notion of approximate inversion in the setting of systems on Lie groups.

2. Preliminaries

For a curve X in G, a real matrix Lie group of dimension n and G the Lie algebra associated with G having a basis {A_1, . . . , A_n} of constant matrices in G, denote the control U as U(t) = ∑_m i=1 u_i(t)A_i, m ≤ n, t ≥ 0. The corresponding left-invariant drift-free system on G is

Ẋ(t) = X(t)U(t), X(0) = X_0. (1)

An exponential representation of (1) on ℜ^n leads to a drift-free affine system of the form ẋ = ∑_m i=1 u_if_i(x), where x ∈ ℜ^n and U ∈ ℜ^m. The single exponential representation is based on the fact that the exponential map exp : G → G is a local diffeomorphism for finitedimensional Lie groups G on a reasonably large neighborhood U ⊂ G of the origin. For H(3) and its higherdimensional nilpotent generalizations mentioned below the exponential map is actually a global diffeomorphism. This suggests that we locally represent the solution of (1) as X(t) = exp Z(t) = e^{Z(t)}, where Z(t) = ∑_n i=1 z_i(t)A_i ∈ G and call the z_i, i = 1, 2, . . . , n the canonical coordinates of the first kind for G.

Theorem 1 (Magnus [9]) Consider the left-invariant, drift-free system (1) on a matrix Lie group G and the single exponential representation Z(t), t ≥ 0 of its solution. Then, if certain unspecified conditions of convergence are satisfied, Z(t) can be written in the form Ż(t) = ad^{Z(t)} 1 − exp(−ad_{Z(t)}) U(t) = (I + 1 2 ad_{Z(t)} + ∞∑ p=1 β_{2p} (2p)! ad^{2p}_{Z(t)}) U(t) = U(t) + 1 2 [Z(t), U(t)] + 1 12 [Z(t), [Z(t), U(t)]] − 1 720 [Z(t), [Z(t), [Z(t), U(t)]]] ± . . . , where the β_{2p} are Bernoulli numbers.

The product of exponentials representation is based on the canonical coordinates of the second kind and is characterized in the following theorem, where we use an extended control vector u = (u_1, . . . , u_n)^T with u_i = 0, i = m + 1, . . . , n. Theorem 2 (Wei{Norman [15]) Consider the system (1) and its solution X(t), t ≥ 0. Then, in a neighborhood of t = 0 the solution may be expressed in the form X(t) = e^{x1(t)A1} e^{x2(t)A2} · · · e^{xn(t)An} . (2)

The coordinate functions x = (x_1(t) . . . x_n(t))^T evolve according to ẋ(t) = M(x(t))u(t), (3) where the matrix M is analytic in x. Moreover, if G is solvable, then there exists a basis and an ordering of this basis for which the representation (2) is global and the x_i can be computed by quadratures.

The computation of M(x) for specific Lie groups or Lie algebras involves differentiating (2), setting this equal to the left-hand side of (1) and using the structure of the corresponding Lie algebra G ([15]).

3. Approximate Inversion

Our approach to open-loop tracking for nonholonomic systems on Lie groups is inspired by [2, 3] and based on the well-known fact that periodic controls with appropriate phase and frequency relation create a motion in the direction of a certain higher order Lie bracket of the system. If we want to move the system in several higher order Lie bracket directions simultaneously we have to additively superimpose several of these oscillatory control components, namely some carrier wave modulated by a function specifying the desired velocity in the corresponding Lie bracket direction. It turns out that if we let the carrier frequencies go to infinity these motions are increasingly independent of each other and even though the underlying system is nonlinear an approximate high-frequency superposition principle [14] emerges.

Modeling these open-loop control laws as time-varying nonlinear systems with the desired trajectories as inputs we obtain the so called approximate inverse of the original system. This terminology is motivated by the fact, that concatenating the approximate inverse and the original system results in an approximate identity operator on the space of trajectories.

3.1. Approximate Inversion on a Subgroup of Unipotent Matrices

In this section we will consider two-input drift-free systems on a particular subgroup of the unipotent matrices (see [12]) which is of special interest due to its simple Lie algebra structure. It turns out that the product of exponentials representation of this system is of chained form:

ẋ_1 = u_1 ẋ_4 = u_1x_3 ẋ_2 = u_2 :

ẋ_3 = u_1x_2 ẋ_k = u_1x_{k−1} (4)

Chained form systems have immediate practical relevance as local descriptions for the kinematic car or a tractor and trailer system [10]. Note that the product of exponentials representation (4) and the following result hold globally since the matrix Lie group under consideration is solvable.

Due to its lower triangular structure we can integrate (4) by quadratures and the solution for the n^{th} state can be written as

x_n(t) = ∫_t 0 u_1(τ_1) ∫_{τ1} 0 u(τ_2) . . . ∫_{τn}�_2 0 u_2(τ_{n−1})dτ_{n−1} · · · dτ_1 (5) assuming x(0) = 0. The succession of integrations and multiplications with u_1 in (5) suggests to use oscillating control components in u_2 with integrally distributed frequencies which are “down-modulated” by multiplications with the fundamental harmonic in u_1.

Theorem 3 Given a (n + 2)-dimensional chained-form system (4), let x̄(t) = (x̄_1(t), x̄_2(t), . . . , x̄_{n+2}(t))^T , t ∈ [0, T ] denote the desired trajectory. Assume that x̄ is twice differentiable on [0, T ] and that x(0) = 0, x̄(0) = 0, ˙x̄(0) = 0. Define a sequence {u^{(ω)}}^∞_{ω=1} of controls where

u^{(ω)}_1 = ˙x̄_1(t) + 2 ω^{nn+1} cos(ωt) (6)

u^{(ω)}_2 = ˙x̄_2(t) + n∑ m=1 α_m(t) ω^{− mnn+1} m! m^m d^m dt^m (cos(mωt)),

where α_m(t) = ˙x̄_{m+2}(t) − ˙x̄_1(t)x̄_{m+1}(t). Let x^{(ω)}(t), 0 ≤ t ≤ T be the solution of (4) with u^{(ω)} as input.

Then lim_{ω→∞} x^{(ω)}(t) = x̄(t), ∀t ∈ [0, T ] where convergence is uniform with respect to t.

The proof of this theorem is lengthy but straightforward. Applying integration by parts and the Riemann Lebesgue Theorem to the quadrature solution of states x_i, i = 1, 2, 3 it can be shown that x^{(ω)}_i converges to x̄_i uniformly. The general result for arbitrary n then follows by induction. The complete proof can be found in [12].

Since the above convergence is uniform in t, also the tracking error, for instance defined as E = ∫_T 0 ‖x̄(τ) − x^{(ω)}(τ)‖ dτ, goes to zero with ω → ∞. Note also that because the residual terms are of order −^1_{n+1} in ω the convergence properties w.r.t. the frequency parameter ω worsen with increasing dimension n+2 of the chained form system.

3.2. Approximate Tracking on SE(2)

Below we will present tracking controls for the system (1) on G = SE(2) with the Lie algebra characterized by [A_1, A_2] = A_3, [A_1, A_3] = −A_2,[A_2, A_3] = 0. This result is remarkable since SE(2) is not nilpotent as are H(3) or the matrix groups mentioned in Section 3.1.. Since the controls involve feedback they do not define an approximate inverse for the given system (see remark below). We will state the theorem for the Wei-Norman representation of (1), where it follows from the solvability of SE(2) and Theorem 2 that this result is globally valid.

Theorem 4 Consider the drift-free controllable system (1) on G = SE(2) with associated Wei-Norman representation

ẋ_1(t) = u_1(t) ẋ_2(t) = u_2(t) + u_1(t)x_3(t) (7) ẋ_3(t) = −u_1(t)x_2

and a twice differentiable desired trajectory x̄(t) = (x̄_1(t), x̄_2(t), x̄_3(t))^T , t ∈ [0, T ], such that x(0) = x̄(0). Define the parameterized family of controls

u^{(ω)}_1 (t) = ˙x̄_1(t) + √ 2ω sin(ωt) (8)

u^{(ω)}_2 (t) = ˙x̄_2(t) − √ 2ω m(t) cos(ωt) − u^{(ω)}_1 (t)x_3(t)

with m(t) = ( ˙x̄_3(t) + ˙x̄_1(t)x̄_2(t)) and let x^{(ω)}(t), t ≥ 0 be the solution of (7) with controls u^{(ω)}_1 (t), u^{(ω)}_2 (t) as input. Then lim_{ω→∞} x^{(ω)}(t) = x̄(t), ∀t ∈ [0, T ], uniformly in t.

Proof: Rewrite the controls u = (u_1u_2)^T as u = H(x)v with H(x) = ( 1 0 −x_3 1 ) ( v_1 v_2 ) = ( ˙x̄_1(t) + √ 2ω sin(ωt) ˙x̄_2(t) − √ 2ω m(t) cos(ωt) )

and express equation (7) accordingly as

ẋ = F (x)u = F (x)H(x)v = F̃ (x)v (9)

System (7) with controls (8) thus assumes the form

ẋ_1 = v_1 ẋ_2 = v_2 (10) ẋ_3 = −v_1x_2

i.e. it is of chained form. Using integration by parts we get x_1(t) = x_1(0) + x̄_1(t) − x̄_1(0) + √ 2/ω (1 − cos(ωt))

x_2(t) = x_2(0) + x̄_2(t) − x̄_2(0) − √ 2/ω m(t) sin(ωt) + √ 2/ω ∫_t 0 ṁ(τ) sin(ωτ)dτ For x(0) = x̄(0) and by a version of the Riemann-Lebesgue Theorem this results in

x_1(t) = x̄_1(t) + o(ω^{− 12} )

x_2(t) = x̄_2(t) + o(ω^{− 12} )

Integrating the third state using again a version of the Riemann-Lebesgue Theorem and x(0) = x̄(0) we obtain

x_3(t) = x_3(0) − ∫_t 0 ( ˙x̄_1(τ) + √ 2ω sin(ωτ) )( x̄_2(τ) − √ 2/ω m(τ) sin(ωτ) + o(ω^{− 32} ) ) dτ

= x_3(0) − ∫_t 0 { ˙x̄_1(τ)x̄_2(τ) − ˙x̄_1(τ) √ 2/ω m(τ) sin(ωτ) −m(τ) + m(τ) cos(2ωτ) + x̄_2(τ) √ 2ω sin(ωτ) +o(ω^{−1}) } dτ = x̄_3(t) − ∫_t 0 { − ˙x̄_1(τ) √ 2/ω m(τ) sin(ωτ) +m(τ) cos(2ωτ) + x̄_2(τ) √ 2ω sin(ωτ) + o(ω^{−1}) } dτ = x̄_3(t) + o(ω^{− 12} ). 2 The above result is an application of the concept of nilpotentization since the input transformation H(x) is introduced to make the distribution spanned by the control vector fields of (7) nilpotent. In [13] we how show this approach can be applied to other non-nilpotent matrix Lie groups and how the state feedback can be replaced by a state estimate, resulting in open-loop control laws defining an approximate inverse for the systems considered.

Fig.1: Approximate tracking for system on SE(2)

4. Feedback Stabilization

Ever since the existence of smooth time-invariant feedback laws for the asymptotic stabilization of nonholonomic systems was ruled out [1], a good deal of attention has been devoted to proving existence [5] and constructing [11] time-varying, periodic feedback laws for these systems. Following Brockett [2, 3] our approach consists of composing the approximate inverse with the original system yielding an approximate identity operator, which can be robustly stabilized feeding back the negative integrals of the state. Consequently the resulting control law achieves exponential rather than just uniform stability of the origin.

The control law we present here is essentially the same as in [2, 3] and is based on the approximate inverse of the

Magnus representation of a system on H(3). We will give a modified proof and show furthermore that the same control law also asymptotically stabilizes the left–invariant systems on SE(2), SO(3), and SL(2). We use the Magnus equation representation of (1) in this context, since it allows us to interpret the systems on SE(2), SO(3), and SL(2) as perturbations of the system on H(3). The feedback law derived for H(3) turns out to be robust enough to locally stabilize the perturbed systems as well. Note also, that since the Magnus equation is globally valid for the system on H(3) and the linearization (15) is in this case equivalent to the system itself, we actually have global exponential stability for H(3).

Theorem 5 Consider the left-invariant drift-free systems on the three-dimensional real matrix Lie groups H(3), SE(2), SO(3), and SL(2) and their corresponding Magnus equations

Ż = U + 1 2 [Z, U] + 1 12 [Z, [Z, U]] ∓ . . . , (11) where Z = z_1A_1 + z_2A_2 + z_3A_3.

Then the control U = u_1A_1 + u_2A_2 with

u_1 = −z_1 + √ 2ω|z_3|sign(z_3) sin(ωt)

u_2 = −z_2 + √ 2ω|z_3| cos(ωt) (12)

makes the zero solution of the systems (11) exponentially stable for ω sufficiently high.

Proof: We will show that after partitioning the state space and applying a coordinate transform the linearizations of the resulting systems are exponentially stable. Thus, we can conclude that also the zero solutions of the original systems are exponentially stable.

First, note that with z_3 = 0 we have for the closed loop [Z, U] = (z1u2 − z2u1)[A1, A2] + z3u1[A3, A1] +z3u2[A3, A2] = ( z1 √ 2ω|z3| cos(ωt) − z2 √ 2ω|z3|sign(z3) sin(ωt) ) ×[A1, A2] + z3u1[A3, A1] + z3u2[A3, A2] = 0 such that Ż = U, ∀Z ∈ S_0 = {Z|z_3 = 0}. It follows that Ż has no component in the direction of A_3 and hence S_0 is an invariant set of the closed loop system (11). Moreover, trajectories starting outside of S_0 do not enter S_0 in finite time and hence we have a partition of the state space into three invariant sets S_0, S_1 = {Z|z_3 > 0}, and S_2 = {Z|z_3 < 0}. Thus, we can carry out the stability analysis on each of the sets separately and study if trajectories starting in a neighborhood of the origin in the augmented sets S_0, S_1 ∪{0}, and S_2 ∪{0} converge to it exponentially.

For Z(0) ∈ S_0 the closed loop system system (11) written in the coordinates of the Lie algebras G simplifies to ż_1 = −z_1; ż_2 = −z_2; ż_3 = 0 (13) and is clearly exponentially stable on S_0.

Now, for Z(0) in S_1 or S_2 write (11) as

ż1 = −z1 + √ 2ω|z3| sign(z3) sin(ωt) + p1(z, t)

ż2 = −z2 + √ 2ω|z3| cos(ωt) + p2(z, t) ż3 = z1 √ 2ω|z3| cos(ωt) − z2 √ 2ω|z3| sign(z3) sin(ωt) + p3(t, z)

where p_1 and p_2 represent the contributions of the second and higher order terms on the right hand side of (11), while p_3 represents the contribution of the third and higher order terms in (11). Define a coordinate map x_1 = z_1, x_2 = z_2, and x_3 = sign(z_3) √ 2|z_3|, which is a diffeomorphism away from S_0 and apply it to (14) resulting in ẋ1 = −x1 + √ ω x3 sin(ωt) + p̃1(x, t) ẋ2 = −x2 + √ ω sign(x3)x3 cos(ωt) + p̃2(x, t) (14)

ẋ3 = 1 2 (x1 √ ω cos(ωt) − x2 √ ω sign(x3) sin(ωt)) + p̃3(x, t).

Linearizing (14) at the origin and assuming Z(0) ∈ S_1 yields

ẋ = ( −1 0 √ω sin(ωt) 0 −1 √ ω cos(ωt) 1 2 √ ω cos(ωt) −^1_2 √ ω sin(ωt) 0 ) x = A1(t)x, (15)

a time-varying system system with periodic coefficients of period T = 2π/ω. By a standard Floquet argument the origin of (15) will be exponentially stable if the Floquet multipliers, i.e. the eigenvalues of the transition matrix Φ_{A1} (T, 0) all lie in the unit circle. Writing out the Peano- Baker-Series for Φ_{A1} (T, 0) and using T = 2π/ω we obtain

ΦA_1 (T, 0)= I3 + ∫_T 0 A1(σ1)dσ1 + ∫_T 0 A1(σ1) ∫_{σ1} 0 A1(σ2)dσ2dσ1 + . . .

= I3 + (−T 0 0 0 −T 0 0 0 0 ) + T 4 +^{T 2}_2 0 −^{T 3/2}p_{2π} 0^T_4 +^{T 2}_2 0 0 −^{T 3/2}_2p_{2π} −^T_2

+ o(T^2)

= ( 1 −_{3T4} 0 0

0 1 −^{3T}_4 0 0 0 1 −^T_2 ) + o(T^{3/2}).

If we choose T sufficiently small or ω sufficiently large the eigenvalues of Φ_{A1} (T, 0) are guaranteed to be within the unit circle. Therefore the linearization (15) is exponentially stable and consequently also trajectories starting in a neighborhood of the origin intersected with S_1 converge to the origin exponentially.

The argument for Z(0) in an intersection of a neighborhood of the origin and S_2 is analogous and the details are left to the reader. Thus, given a sufficiently large ω there exists a neighborhood U of the origin such that trajectories starting in each intersection of U with S_i, i = 1, 2, 3 converge to the origin exponentially. 2

Fig. 2: Exponential feedback stabilization of Magnus equation of system on SO(3) with ω = 1 (left) and ω = 10 (right)

5. Discussion

We have presented approximate tracking controls for left-invariant drift-free systems on SE(2) and a nilpotent subgroup of the unipotent matrices. Further a feedback based on the idea of approximate inversion has been shown to exponentially stabilize the origin for systems on H(3), SE(2), SO(3), and SL(2). These solutions for specific matrix Lie groups should serve as examples to point out the significance of the approximate inversion approach to open-loop tracking and feedback stabilization of nonholonomic systems.

We plan to generalize these results, heading toward a general method to construct an approximate inverse for a system on a matrix Lie group based solely on the structure of the Lie algebra and the nature and number of the inputs. Numerical solutions might have to be taken into account where closed form results are not available.

A rigorous characterization of the approximate inverse together with the original system as a time–varying perturbation of an identity operator needs to be developed for a more unified approach to feedback stabilization of nonholonomic systems. Robust stability methods could then be applied drawing only on the characterization of the approximate identity operator rather than the properties of the original system. Eventually we would like to extend our results to systems with drift.

6. Acknowledgments

The authors are grateful for critical comments by V. Manikonda and R. Venkataraman.

References

[1] R. W. Brockett, “Asymptotic stability and feedback stabilization,” Differential Geometric Control Theory, R. W.

Brockett, R. S. Millman, H. J. Sussman, Eds. Basel: Birkhäuser, 1983.

[2] R. W. Brockett, “Pattern Generation and Feedback Control of Nonholonomic Systems,” Workshop on Mechanics, Holonomy, and Control, Conf. on Decision and Contr., San Antonio, Texas, 1993.

[3] R. W. Brockett, “Characteristic Phenomena and Model Problems in Nonlinear Control,” Proc. of the 1996 IFAC Congress, vol. G, pp. 135-140, 1996.

[4] J. F. Canny, Z. Li (eds.), Nonholonomic Motion Planning., Kluwer, Boston 1993.

[5] J.-M. Coron, “Global Asymptotic Stabilization for Controllable Linear Systems without drift,” Math. of Control, Systems, and Signals, vol. 5, pp. 295-312, 1992.

[6] M. Dahleh, A. Peirce, H. A. Rabitz, V. Ramakrishna, “Control of Molecular Motion,” Proc. of the IEEE, vol. 84, no.1, pp. 7-15, 1996.

[7] R.V. Chakon, A.T. Fomenko, “Recursion Formulas for the Lie Integral,” Adv. in Math., vol. 88, pp. 200-257, 1991.

[8] N. E. Leonard, P. S. Krishnaprasad, “Motion Control of Drift-Free, Left-Invariant Systems on Lie Groups”,IEEE Trans. on Auto. Contr., vol. 40, no. 9, pp. 1539-1554, 1995.

[9] W. Magnus, “On the exponential solution of differential equations for a linear operator,” Comm. on Pure and Appl. Math., vol. 7, pp 649-673, 1954.

[10] R.M. Murray, S.S. Sastry, “Nonholonomic motion planning: Steering using sinusoids,” IEEE Trans. on Auto. Contr., vol. 38, no. 5, pp. 700-716, 1993.

[11] J.-B. Pomet, “Explicit design of time-varying stabilizing control laws for a class of controllable systems without drift,” System and Control Letters, vol. 18, pp 147-158, 1992.

[12] H. Struemper, P. S. Krishnaprasad, “On approximate inversion and feedback stabilization of drift-free systems on matrix Lie groups,” Inst. for Syst. Res. Tech. Rep., 1997.

[13] H. Struemper, P. S. Krishnaprasad, “Approximate tracking for systems on three-dimensional matrix Lie groups via feedback nilpotentization,” submitted to IFAC Symp. on Robot Contr., Nantes, France, 1997.

[14] H. J. Sussmann, W. Liu, “Limits of highly oscillatory controls and the approximation of general paths by admissible trajectories,” Proc. of the 30th Conf. on Decision and Contr., pp. 437-442, 1991.

[15] J. Wei, E. Norman, “On global representations of the solution of linear differential equations as a product of exponentials,” Proc. of the American Math. Soc., vol. 15, pp. 327-334, 1964.

[16] J. R. Wood, “ Power conversion in electrical networks,” Tech. Rep. NASA Rep. No. CR-120830, (also PhD thesis), Harvard Univ., 1974.